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ABSTRACT 

i 

I n  t h i s  paper w e  a t tempt  t o  c o n s t r u c t  a cosmological model 

f o r  our Universe, based on c u r r e n t l y  a v a i l a b l e  as t ronomical  ob- 

s e r v a t i o n s  and two basic assumptions: (1) E i n s t e i n ' s  theory of 

g e n e r a l  r e l a t i v i t y  i s  s t r i c t l y  v a l i d  wi thout  t h e  cosmological 

c o n s t a n t  ( 2 )  t h e  e x i s t i n g  l a w s  of phys ics  are s t r i c t l y  v a l i d .  

W e  have d is regarded  t h e  Mach's p r i n c i p l e  because i t s  meaning is 

ambiguous. 

I F i r s t  w e  review the p r e s e n t  s t a t u s  of knowledge of astro- 

nomical observa t ions  of our Universe. N e x t  w e  review t h e  cosmo- 

l o g i c a l  models accep tab le  under the  t w o  assumptions cited above. 

W e  t hen  formulate  our method of cons t ruc t ion  of a cosmological 

model. Using s t a t i s t i ca l  physics  f o r  equ i l ib r ium and non- 

~ 

I equ i l ib r ium processes, w e  r econs t ruc t  the course  of evolu t ion  

0 
of ou r  Universe. From the 3 K cosmic background r a d i a t i o n ,  

t h e  upper l i m i t  of n e u t r a l  hydrogen d e n s i t y  i n  i n t e r g a l a c t i c  
I 

I space, and t h e  d e n s i t y  of matter due t o  galaxies, w e  have ob- 

I 
I 

t a i n e d  an  upper l i m i t  for t h e  allawable matter-densi ty  of t h e  

universe. W e  have found t h a t  the  bu lk  p a r t  of mat ter-densi ty  

i n  our  Universe i s  i n  g a l a x i e s .  

-.. 

W e  a l so  c a l c u l a t e  t h e  evolu t ion  of a n t i m a t t e r  i n  our 

Universe  and w e  have found that  a n t i m a t t e r  must be t o t a l l y  
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absen t  from our Universe. Hence t h e r e  are no an t iwor lds ,  a n t i -  

ga l ax ie s ,  etc. 

Based on our r e s u l t  w e  have obtained a va lue  of 0.02 for  

. This is  t o  be compared wi th  
qO 

t h e  dece le ra t ion  parameter 

the  value of 0.5 obtained r e c e n t l y  by Sandage. I n  view of t h e  

u n c e r t a i n t i e s  a s soc ia t ed  wi th  both va lues ,  t h e s e  two va lues  

must be regarded t o  be c o n s i s t e n t  w i t h  each o the r .  Consequently 

no suggestion of v i o l a t i o n  of any phys ica l  l a w  is  made. 

I n  conclusion, our Universe can be descr ibed  by an  open 

cosmological model of t h e  Friedman type. 



Table of Contents 

iii 

1. In t roduct ion .  

2 .  Precise Experiments. 

(i) Iso t ropy  of I n e r t i a l  Mass. 

(ii) The Charge Equal i ty  of Electrons and Protons.  

(iii) Lorentz Invar iance  of t h e  Electric Charge. 
.. 

( i v )  The Equivalence of Mass and Energy - Eotvos-Dicke experiments.  

(v)  Baryon Number Conservation Law. 

3 .  Astronomical Information Concerning t h e  Universe. 

(i) Distance determinat ion.  

(ii) Dynamical Motions of G a l a x i e s  i n  our Universe. 

(iii) D i s t r i b u t i o n  of Galaxies i n  our Universe. 

( i v )  Other Forms of Matter-Energy Density.  

4. Cosmological Models. 

(i) Conventional Models. 

(ii) Unconventional Models. 

5. Classical T e s t s  of Cosmological Models. 

(i) Mangitude versus  Red S h i f t  Relat ion.  

(ii) Count-Magnitude Relat ion.  

(iii) Angular D i a m e t e r s .  

6 .  Proposed New T e s t s  of Cosmological Models. 



i v  

7.  Equilibrium Processes.  

(i) D i s t r i b u t i o n  func t ion  f o r  a gas  i n  equi l ibr ium. 

(ii) Chemical equi l ibr ium. 

(iii) Applicat ions t o  a system of elementary particles.  

8. Non-equilibrium Processes.  

9. Non-interacting and I n t e r a c t i n g  G a s e s  i n  Adiabat ic  Processes.  

(i) Weakly i n t e r a c t i n g  gas .  

(ii) S t r i c t l y  non-interact ing gas.  

10. Annih i la t ion  of Particle P a i r s  i n  an Evolving Universe.  

11. Coexistence of Particles and An t i -pa r t i c l e s  i n  an Evolving 
C o s m o l o g i c a l  Model. 

12. E s t i m a t e s  of t h e  Upper L i m i t  of Matter-Energy Density of the 
Universe. 

(i) I n t e r g a l a c t i c  ionized hydrogen. 

(ii) I n t e r g a l a c t i c  hydrogen molecule .  

(iii) I n t e r g a l a c t i c  heavy elements.  

( i v )  Neutrinos 

(v)  Grav i t a t iona l  r a d i a t i o n .  

( v i )  I n v i s i b l e  forms of matter. 

( v i i )  Shape o f ’ t h e  spectrum of t h e  cosmic r a d i a t i o n  background. 

13. Discussion. 

14. A Cosmological Model f o r  our Universe.  



. 
. 
I. In t roduc t ion .  

The d e s i r e  t o  know the p a s t  h i s t o r y  a s  w e l l  as the f u t u r e  

course of evolu t ion  of t he  Universe has long res ided  i n  Man's mind, 

b u t  the  degree of h i s  success i n  h i s  search  for t h i s  knowledge i s  

l imi t ed  by h i s  a b i l i t y  t o  observe the Universe,  n o t  by h i s  power 

of comprehension. I n  r ecen t  years tremendous progresses  have been 

rendered t o  astronomical research by t h e  use of modern techniques 

of observat ion and d a t a  processing,  and by extending t h e  wave 

length  r eg ion  of observat ion t o  near ly  a l l  p a r t s  of the e l e c t r o -  

magnetic spectrum. Despite a l l  these technologica l  advances, Man 

is  s t i l l  l i m i t e d  by h i s  a b i l i t y  t o  sample t h e  p r o p e r t i e s  of t h e  

matter  i n  d i f f e r e n t  parts of the Universe. 

Man o f t e n  supplements h i s  ignorance by h i s  imagination, and 

whenever any information i s  missing, he  makes p o s t u l a t e s  about 

t h e  missing l i n k .  The na tu re  of the p o s t u l a t e s  he makes o f t e n  

r e f l e c t s  h i s  knowledge of t h e  system, and hence, they are posted 

according t o  h i s  past experiences.  I n  cases where only a small 

l i n k  of information is missing, Man's r i c h  imagination has  guided 

him t o  e n l a r g e  h i s  horizon and t o  make new d i scove r i e s .  In-czsec 

where a l a r g e  po r t ion  of information i s  lacking,  t hese  p o s t u l a t e s  

are o f t e n  invented according t o  the i n v e n t o r ' s  personal  convict ion.  

I n  t h i s  paper w e  shal l  t a k e  up the view tha t  i f  w e  abandon 

t h e  i d e a  tha t  man must invent  some Drinc ip les  f o r  t h e  Universe t o  

1 
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abide with,  w e  can perhaps en la rge  our knowledge wi thout  having a 

b iased  opinion & i n i t i o .  Therefore  w e  s h a l l  n o t  postulate  any 

cosmological p r i n c i p l e ,  nor  i nven t  new l a w s  of phys ics .  Out of 

a l l  phenomena i n  t h e  Universe w e  can only make a l imi ted  number of 

observa t ions  wi th  a l i m i t e d  degree of p rec i s ion .  It  is  n o t  clear 

i f  w e  w i l l  ever  possess  a complete knowledge of t h e  Universe.  W e  

t h e r e f o r e  have t o  regard t h e  Universe as an open system. This 

means that  there might be information w h i c h  is  fo reve r  i n a c c e s s i b l e  

t o  us, and w e  may never be able t o  answer a l l  q u e s t i o n s  i n  cosmo- 

l o g i c a l  problems. Under t h i s  view, c l e a r l y  the  cosmological m o d e l  

w e  s h a l l  a r r i v e  a t  w i l l  n o t  be unique, s i n c e  w e  s h a l l  base our work 

on e x i s t i n g  l a w s  of physics .  This  cosmological model w i l l  be con- 

s t r u c t e d ,  however, on t h e  basis of observa t ion .  S ince  new 

observa t ions  are c o n s t a n t l y  being made, our cosmological model 

w i l l  have t o  be c o n s t a n t l y  modified. 

I n  t h i s  paper w e  s h a l l  assume: 

(i) That t h e  g e n e r a l  r e l a t i v i t y  theory  as formulated by 

E ins t e in  wi thout  t h e  cosmological  cons t an t  is v a l i d .  

(ii) That the  c u r r e n t l y  accepted p h y s i c a l  l a w s  are s t r i c t l y  

v a l i d  i n  space and t i m e .  

Although thereare a number of modified v e r s i o n s  of the 

g e n e r a l  r e l a t i v i t y  theory,  i n  t h e i r  p r e d i c t i o n s  of obse rva t ions  

they e i t h e r  do n o t  d i f f e r  f r o m  E i n s t e i n ' s  theory  or t h e  d i f f e r e n c e  
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i s  beyond the c u r r e n t  l i m i t s  of experimental  accuracy. E i n s t e i n ' s  

theory has  t h e  beauty of being t h e  simplest among a l l ,  and it con- 

t a i n s  only one cons t an t  t o  be determined f r o m  t h e  c lass ical  l i m i t :  

t h a t c o n s t a n t k t b g r a v i t a t i o n a l  cons t an t .  I ts  success  i n  p r e d i c t i n g  

t h e  advancement of the  p e r i h e l i o n  of the o r b i t  of t h e  p l a n e t  

Mercury i s  an  

v a l i d i t y .  (1) 

W e  shal l  

impressive,  i f  not  conclus ive  evidence of i t s  

adopt  t he  p o i n t  of view t h a t ,  u n l e s s  t h e r e  is  ex- 

per imenta l  evidence t h a t  a phys ica l  l a w  i s  c l e a r l y  v i o l a t e d ,  or 

t h a t  a phys ica l  c o n s t a n t  i s  a func t ion  of t i m e ,  w e  s h a l l  assume 

the  converse.  That i s ,  w e  s h a l l  assume t h a t  a l l  phys i ca l  l a w s  are 

s t r i c t ly  v a l i d  and tha t  all phys ica l  c o n s t a n t s ,  inc luding  the 

g r a v i t a t i o n a l  cons t an t ,  are cons t an t  i n  space and t i m e .  W e  do 

t h i s  because our  i n t e r e s t  i s  t o  f i n d  a r e l a t i o n  among c u r r e n t l y  

accepted p h y s i c a l  laws, as t ronomical  observa t ions ,  and a given 

cosmological model. Out of the i n f i n i t e  ways t ha t  a v i o l a t i o n  

may occur ,  the  chance for an a r b i t r a r y  p o s t u l a t e  t o  be correct i s  

s m a l l .  

I n  a d d i t i o n ,  w e  shal l  avoid t h e  a p p l i c a t i o n  of Mach's 

p r i n c i p l e  t o  cosmological models. T h e o r e t i c a l l y ,  Mach's p r i n c i p l e  

provides  a n  o p e r a t i o n a l  d e f i n i t i o n  of an  i n e r t i a l  system and of a 

mass i n  t e r m s  of t h e  d i s t r i b u t i o n  of other masses i n  t he  Universe. 

It  has  been shown t h a t  Mach's p r i n c i p l e  cannot  be unambiguously 
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appl ied  t o  open cosmological models, i n  which the expansion of the 

Universe never ceases. (*) 

b i l i t y  of Mach's p r i n c i p l e  t o  an open cosmological model is  the 

reason f o r  no t  accept ing an open cosmological model. However, 

Mach's p r i n c i p l e  has n o t  been formulated i n  an unambiguous way. 

Fu r the r ,  i f  an  open universe  i s  embedded i n  a c losed  universe  of 

a much larger dimension and a much lower matter-energy d e n s i t y ,  

Mach's p r i n c i p l e  can s t i l l  be s a t i s f i e d  w i t h  r e s p e c t  t o  t h e  c losed  

Universe without r e f e r r i n g  t o  t h e  s t r u c t u r e  of the smaller, open 

Universe. W e  t h e r e f o r e  feel t h a t  a premature inc lus ion  of Mach's 

p r i n c i p l e  i n  theory w i l l  n o t  h e l p  c l a r i f y  e x i s t i n g  problems i n  

cosmology, bu t  w i l l  tend t o  inc lude  unnecessary complicat ions.  

Henceforth,  w e  s h a l l  avoid the mention and use of Mach's p r i n c i p l e .  

It  has  been argued t h a t  t he  inappl ica-  

The plan f o r  t h e  rest of t h i s  paper is as follows: I n  

Sec t ion  I1 w e  s h a l l  d i s c u s s  the v a l i d i t y  of cer ta in  physics  l a w s  

i n  t e r m s  of some very p r e c i s e  experiments.  All phys ica l  l a w s  are 

i n t e r r e l a t e d  by theory and t h i s  i n t e r r e l a t i o n s h i p  is  used t o  

i n t e r p r e t  the  t h e o r e t i c a l  imp l i ca t ions  of p r e c i s e  experiments.  

Unfortunately,  the number of p r e c i s e  experiments i s  too small t o  

make t h e  use  of t h e o r e t i c a l  i n t e r p r e t a t i o n  as a basis f o r  a 

r igorous  argument. Much of the exp lana t ion  w i l l  t h e r e f o r e  depend 

on t h e  v a l i d i t y  of some t h e o r e t i c a l  p r i n c i p l e s .  Hopefully i n  t h e  

f u t u r e  t h i s  s i t u a t i o n  w i l l  improve, when more such precise exper i -  
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ments a v a i l a b l e .  

I n  Sec t ion  I11 w e  s h a l l  summarize t h e  a v a i l a b l e  as t ronomical  
I 

observat ions r e l e v a n t  t o  cosmology. I n  Sec t ion  I V  w e  s h a l l  sum- 

marize t h e  a v a i l a b l e  cosmological models, including some which use 

modified l a w s  of physics.  

I n  Sec t ion  V we  sha l l  d i s c u s s  the  classical  tests of t h e  cos- 

I n  Sec t ion  V I  one of t h e  most important proper- mological theory.  

t ies  of a cosmological model, t h e  quest ion of c l o s u r e  w i l l  be 

t r e a t e d .  

of t h e  Universe based on t h e  a v a i l a b l e  d a t a  on t h e  i n t e r g a l a c t i c  

W e  s h a l l  propose a method t o  determine t h e  c l o s u r e  property 

I n e u t r a l  hydrogen dens i ty  and t h e  dens i ty  due t o  g a l a x i e s ,  and based 

on t h e  use of nonequilibrium thermodynamics. 

w e  s h a l l  summarize t h e  theory of equi l ibr ium and nonequilibrium 

s t a t i s t i c a l  thermodynamics, based on two body i n t e r a c t i o n  processes .  

These t h e o r i e s  w i l l  be used t o  develope a cosmological model f o r  

our Universe.  

I n  Sec t ions  V I I - I X  

I 

I I n  Sec t ions  X and X t h e  problem of a n n i h i l a t i o n  of p a r t i c l e  
I 

p a i r s  i n  an evolving cosmological model w i l l  be formulated and a 

s o l u t i o n  obtained for  t h e  case of a r a d i a t i o n - f i l l e d  universe .  I t  

is b e l i e v e d  t h a t  if our Universe o r ig ina t ed  from a s i n g u l a r  o r i g i n ,  

then  r a d i a t i o n  is  dominant i n  e a r l y  epochs. I t  w i l l  be shown t h a t  

our Universe  cannot be composed of an equal  populat ion of nucleons 

and an t inuc leons .  
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I n  Sec t ion  X I 1  a cosmological m o d e l  f o r  our Universe is  de- 

veloped, based on previous sec t ions .  W e  s h a l l  apply t h e  s o l u t i o n  

obtained i n  Sec t ion  X t o  estimate t h e  ion ized  t o  n e u t r a l  hydrogen 

r a t i o ,  t o  t h e  neu t r ino  energy d e n s i t i e s  of t h e  Universe,  and t o  t h e  

o v e r a l l  matter energy dens i ty  of t h e  Universe. It is  t e n t a t i v e l y  

concluded, t h a t  ga l ax ie s  comprise t h e  bulk of t h e  matter and energy 

i n  t h e  Universe. Consequently, it is  un l ike ly  t h a t  our Universe 

can be described by a c losed  model. 

11. Prec i se  Experiments. 

Recent specula t ions  propose t h a t  c e r t a i n  physics  l a w s  may be 

only approximate i n  na tu re  and t h a t  a s m a l l  degree of v i o l a t i o n  of 

these  phys ica l  l a w s  may have important cosmological consequences. 

I n  t h e  h i s t o r y  of physics ,  new phys ica l  l a w s  are o f t e n  discovered 

as a r e s u l t  of t h e  f a i l u r e  of o ld  l a w s  t o  i n t e r p r e t  n a t u r a l  pheno- 

mena: bu t  such a discovery n e c e s s a r i l y  in t roduces  radical depa r tu re s  

from t h e  o lde r  theory and, as is always t h e  c a s e ,  t h e  o lde r  l a w s  

become a s p e c i a l  case of t h e  newly e s t a b l i s h e d  theory.  

c u l t  t o  imagine t h a t  a v i o l a t i o n  w i l l  t a k e  p l ace  i n  a fragmentary 

manner, i.e., t h e  g r o s s  s t r u c t u r e  of o l d  l a w s  remains v a l i d  whi le  

a s m a l l  v i o l a t i o n  t akes  p l ace  h e r e  and t h e r e .  

appear t o  be t o o  a r b i t r a r i l y  imposed. Hence, w e  sha l l  n o t  advocate 

t h e  invention of a new l a w  by v i o l a t i n g  an o l d  l a w  i n  a fragmentary 

manner 

It  is  d i f f i -  

Such v i o l a t i o n s  
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I n  r ecen t  yea r s ,  a number of highly accura te  experiments of 

fundamental importance have been performed, which have excluded 

some proposed " v i o l a t i o n s  l a w s " .  Since these  laws are of funda- 

mental importance, they are discussed b r i e f l y  below: 

(i) I so t ropy  of I n e r t i a l  Mass. It  w a s  proposed by Sa lpe te r  

and Coconni ( 3 )  t h a t  i n  accordance with Mach's p r i n c i p l e ,  the 

i n e r t i a l  p r o p e r t i e s  of matter may depend on t h e  presence of nearby 

masses and t h a t  t h i s  dependence may induce an anisotropy i n  t h e  

i n e r t i a l  p r o p e r t i e s  of matter. Dicke has shown, however, t h a t  

even i f  such anisotropy e x i s t e d ,  i t  would have been unobservable,  

according t o  t h e  theory of gene ra l  r e l a t i v i t y .  (*) 

an experiment performed under t h e  d i r e c t i o n  of V. W. Hughes showed 

t h a t  t o  one p a r t  i n  10 22 , (5) t h e r e  is no d e t e c t a b l e  anisotropy of 

matter. Dicke argued t h a t  t h i s  experiment thus  supports  t h e  

p r i n c i p l e  of covariance , i f  Sa lpe ter  and Coconni ' s o r i g i n a l  

p o s t u l a t e  i s  c o r r e c t  t h a t  i n  accordance w i t h  Mach's p r i n c i p l e  t h e  

Nevertheless ,  

i n e r t i a l  p r o p e r t i e s  of matter depends on the l o c a l  d i s t r i b u t i o n  

of o t h e r  masses. 

(ii) The E q u a l i t y  of the Electric Charqe of an Elec t ron  and 

a Proton. 

d e p a r t u r e  of e q u a l i t y  of t he  electric charge of an e l e c t r o n  and a 

proton can cause t h e  Universe t o  expand. I f  t h e  Universe i s  taken 

t o  be on t h e  whole e l e c t r i c a l l y  n e u t r a l ,  then the  charge inequa l i ty  

L y t t l e t o n  and Bondi ( 6 )  have suggested t h a t  a s m a l l  
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hypothesis w i l l  only imply an excessive number of e l e c t r o n s  or 

protons.  Hence, the Universe must  be taken t o  be composed of an 

equal  number of e l e c t r o n s  and protons and the s m a l l  charge differ-  

ence can  c a u s e  t he  Universe t o  expand. 

electrons and protons must be such  t h a t  there is a n e t  charge is  

not  explained. 

i n  t h e  Universe w i l l  i n v a l i d a t e  gauge invar iance ,  and Colournb’s 

l a w .  

is one p a r t  i n  10 . An experiment performed by V. W. Hughes e t  a1 

indica ted  t h a t  t h e  atomic argon is  charge n e u t r a l  t o  one p a r t  i n  

1021, i nd ica t ing  t h a t  no such i n e q u a l i t y  of charge exists. 

Why the t o t a l  number of 

The presence of a s m a l l  charge densif ty  everywhere 

The degree of v i o l a t i o n  as proposed by Bondi and L y t t l e t o n  

19 ( 7 )  

(iii) Lorentz Invariance of t h e  Electric Charqe. Hughes‘ 

experiment is of g r e a t  t h e o r e t i c a l  importance because i t  g i v e s  a 

f i rm  experimental  confirmation of some consequences of Lorentz 

invariance.  (8) 

e l e c t r o n  is  n o t  zero and i n  t h e  case of argon i t  amounts t o  0.01 c . 
The electric charge is a Lorentz i n v a r i a n t .  However, it may be 

assumed t h a t  t h e  charge is  dependent on the v e l o c i t y  of t h e  

e l e c t r o n ,  t h e  dependence can be w r i t t e n  as 

I n  an atom t h e  average square v e l o c i t y  of an 

2 

2 
V 

C 
q = 9, ( l + a - ) ,  2 

where q i s . t h e  charge of a moving e l e c t r o n  of v e l o c i t y  v ,  and q 0 
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i s  t h e  charge a t  rest. Then, from the  accuracy of Hughes' experi-  

ment ,  the va lue  of t h e  cons t an t  "a" i s  less than 10 . - 17 

( i v )  The Equivalence of Mass and Enerqy. Eotvos-Dicke 

Experiment. Newtonian theory of g r a v i t a t i o n  implies  t h a t  t h e  

g r a v i t a t i o n a l  mass ( t h e  property of an o b j e c t  i n  response t o  

g r a v i t a t i o n )  is equiva len t  t o  t h e  i n e r t i a l  mass. I n  E i n s t e i n ' s  

I theory it is  f u r t h e r  assumed t h a t  mass i s  equiva len t  t o  energy and 

t h e  g r a v i t a t i o n a l  m a s s  i s  exac t ly  equiva len t  t o  t h e  i n e r t i a  mass. 

Eotvos (9) , and r ecen t ly ,  Dicke'l '),  have shown t h a t  t o  a very high 

degree of accuracy, t he  equivalence p r i n c i p l e  i s  v a l i d .  The upper 

8 
l i m i t  of Eotvos'  classical experiment i s  around a few p a r t s  i n  10 

12  
and i n  Dicke's experiment t h e  accuracy is around f i v e  p a r t s  i n  10 . 
One of t h e  o t h e r  consequences of t h e  equivalence p r i n c i p l e ,  i s  t h e  

red  s h i f t  of an electromagnetic r a d i a t i o n  i n  a g r a v i t a t i o n a l  f i e l d .  

Using t h e  Mossbauer effect, Pound has  shown t h a t  t h e  r e d - s h i f t  

r e l a t i o n  has  been shown t o  be v a l i d  t o  a few p a r t s  i n  one thousand. (11) 

(v )  The Lonqevity of Protons.  (Baryon number conservat ion l a w ) .  

I f  the baryon number i s  n o t  conserved, then a proton can decay 

i n t o  n-mesons. Iii an expzr i~snt ,  F?eir?es hes established t h a t  t h e  

experimental  lower l i m i t  of t h e  n a t u r a l  l i f e t i m e  of a proton 

As a comparison, 26 (12) a g a i n s t  decay i n t o  n mesons i s  10 yea r s .  

10 t h e  age of t h e  Universe i s  10 years .  



10 

From these  experiments w e  see t h a t  there i s  a u n i t y  i n  t h e  

s t r u c t u r e  of phys ica l  l a w s ,  and o f t e n  the v a l i d i t y  of these  laws 

is  es t ab l i shed  t o  such a degree t h a t  even i f  a v i o l a t i o n  may take 

p lace ,  it w i l l  no t  have any cosmological e f f e c t  a t  a l l  (e .g . ,  t h e  

charge i n e q u a l i t y ) .  Hence, i t  appears prudent t o  exhaust  a l l  

p o s s i b i l i t i e s  of e x i s t i n g  l a w s  of physics  before  ventur ing i n t o  

invent ing  new physics  l a w s .  

111. Astronomical Information Concerninq the  Universe. 

Because of our immobility i n  t h e  Universe,  q u a n t i t i e s  w h i c h  

are genera l ly  regarded as de f inab le  i n  t e r m s  of d i r e c t  measurements 

i n  t h e  laboratory become de f inab le  only when a d d i t i o n a l  assumptions 

are made. So f a r ,  e lectromagnet ic  r a d i a t i o n  emit ted by g a l a x i e s  

and quasars  provides t h e  only means of d e t e c t i o n  of e x t r a g a l a c t i c  

matter. 

I n  cosmological t h e o r i e s  the most important information i s  

the state of motion of matter and t h e  d i s t r i b u t i o n  of m a t t e r  and 

o the r  forms of energy. I t  is  important  t o  know the d i s t a n c e  of 

g a l a x i e s  and o the r  forms of matter, the mass, and t h e  v e l o c i t y .  

(i) Distance determinat ion.  I n  l abora to ry ,  d i r e c t  comparison 

o r  t r i a n g u l a t i o n  provides t h e  two u s u a l  means of measurement of 

d i s t a n c e .  Direct measurement of d i s t a n c e s  can also be made by 

sending radar pu lses  o r  probes.  The longes t  d i s t a n c e  ever  measured 
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d i r e c t l y  by radar  pu l se s  i s  the d i s t ance  between the sun  and t h e  

e a r t h  (1.5 x c m ) ,  and t h a t  d i s t ance  from the Ear th  t o  M a r s  

I by sending t h e  i n t e r p l a n e t a r y  probe Mariner I V .  The d i s t a n c e  is  
I 

I 13 
, 2 x 10 c m .  Using methods of t r i a n g u l a t i o n  and the  diameter of 

, the e a r t h ' s  o r b i t  around the sun as the base l i n e ,  d i r e c t  measure- 

merit of s t e l l a r  d i s t a n c e s  can be extended t o  100 l i g h t  yea r s ,  o r  

c m .  The o r b i t a l  motion of binary stars, assuming t h e  v a l i d i t y  

1 of Kep le r ' s  law, provides  u s  information d i s t a n c e s  of the order  of 

10 l i g h t  yea r s .  The period-luminosity r e l a t i o n  of Cepheid v a r i -  

ables may be used t o  extend the measurable d i s t a n c e  f u r t h e r  t o  10 

5 

7 

l i g h t  y e a r s .  But t h e r e  are i n t r i n s i c  v a r i a t i o n s  i n  the  period- 

luminosity r e l a t i o n  i n  Cepheids. It t h e r e f o r e  involves  a greater 

r isk t o  apply t h e  period-luminosity r e l a t i o n  tc o the r  ga l ax ie s .  

I f  t h e  i n t r i n s i c  b r igh tness  of the b r i g h t e s t  s ta r  i n  ga l ax ie s  i s  

assumed t o  be uniform, then t h e  apparent magnitude of the b r i g h t e s t  

stars can a lso be used t o  determine t h e  d i s t a n c e  t o  a galaxy. 

Beyond a d i s t a n c e  of lo7 l i g h t  y e a r s ,  i t  i s  no longer poss ib l e  I 
I t o  r e so lve  ind iv idua l  stars i n  a galaxy, and t h e  d i s t ance  can only 

be c?btair?ed f r o m t . h e  apparent  magnitude of a galaxy, using a mean mag- 

n i t u d e  versus  d i s t a n c e  re la t ion.  Because of i n t r i n s i c  v a r i a t i o n s  i n  

t h e  a b s o l u t e  magnitude of ga l ax ie s ,  t h i s  method does not  g ive  a 

re l iable  answer if it i s  appl ied  t o  a s i n g l e  galaxy. However, a 

more c o n s i s t e n t  answer i s  obtained when applying it t o  a c l u s t e r  
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of ga l ax ie s .  T h i s  method of d i s t a n c e  determinat ion i s  c l o s e l y  

r e l a t e d  t o  the  r e d - s h i f t  of d i s t a n t  g a l a x i e s  which w i l l  be d i s -  

cussed below. 

The apparent bolometr ic  magnitude i s  r e l a t e d  t o  the 

d i s t a n c e  r by the inve r se  square l a w  

% = 5 1 0 g r + C  ' ( 2 )  

where C is a cons t an t ,  provided t h a t  (a )  t h e  abso lu te  magnitude 

of sample galaxies are t h e  s a m e  and (b) the  cu rva tu re  of space- 

t i m e  is  small up t o  a d i s t a n c e  r . Problems involved i n  using 

Eq. (2) w i l l  be d iscussed  later. 

(ii) Dynamical motions of qalaxies i n  t h e  Universe.  Ear ly  

i n  t h i s  century it w a s  discovered t h a t  some e x t r a g a l a c t i c  nebulae 

w e r e  receding from us a speeds up t o  1000 kdsec ,  as i n d i c a t e d  by 

t h e  red  s h i f t  H and K absorp t ion  l i n e s .  Using t h e  b r i g h t e s t  stars 

i n  a galaxy as  d i s t a n c e  i n d i c a t o r s ,  Hubb le  found tha t  t h e  r eces s ion  

ve loc i ty  i s  c o r r e l a t e d  t o  the d i s t a n c e  by t h e  following equation: 

where H is t h e  Hubb le  constant!13At p r e s e n t  t h e  va lue  Of H is 

between 7 . 5  t o  10 cm/sec-pc, Using the distance-magnitude r e l a t i o n  

0 0 
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given by E q . ( 2 ) , i t  i s  found t h a t  t he  r eces s ion  v e l o c i t y  of d i s t a n t  

ga l ax ie s  a l s o  obey Eq. ( 3 )  approximately. There i s ,  however, a 

l a rge  spread of d a t a  presumed t o  be pr imar i ly  the r e s u l t  of var ia -  

t i o n  of t h e  i n t r i n s i c  b r igh tness  of i nd iv idua l  ga l ax ie s .  

Sandage p l o t t e d  t h e  apparent  magnitude of t h e  b r i g h t e s t  

A X  (14) He members of c l u s t e r s  of ga l ax ie s  versus t h e  r ed  s h i f t  - 
1 -  

obtained a remarkably well-defined l i n e a r  r e l a t i o n  between t h e  

apparent  magnitude and t h e  red  s h i f t ,  up t o  

ing t o  a v e l o c i t y  of 0 . 1  C. 

A X  - M 0.1, correspond- X 

The d i s t a n c e  corresponding t o  t h i s  v e l o c i t y  (Eq. 3 )  i s  

around 2x10 l i g h t  years .  I n  a l l  t heo r i e s  and cosmological and 

r e l a t i v i s t i c  t o  t h e  l i n e a r  ve loc i ty  r ed  s h i f t  r e l a t i o n  c o r r e c t i o n  

is of .the order  of ( 

up t o  a d i s t a n c e  of 2 x 10 l i g h t  y e a r s .  This l i n e a r  r e l a t i o n  

between t h e  apparent  magnitude and t h e  r ed  s h i f t  can be i n t e r -  

p re t ed  as t h e  v a l i d i t y  of t h e  assumptions: (a )  of the inverse  

square l a w ;  (b) t h a t  t h e r e  is only a s m a l l  v a r i a t i o n  i n  t h e  

i n t r i n s i c  b r igh tness  of t h e  b r i g h t e s t  m e m b e r s  of c l u s t e r s  of 

g a l a x i e s .  

9 

. Hence, w e  can neg lec t  both co r rec t ions  

9 

A X  )2 

I n  obta in ing  t h e  red-shift-magnitude re la t ion  i n  Fig.  1, 

s e v e r a l  c o r r e c t i o n s  t o  new observa t iona l  d a t a  have t o  be made. 

One of t h e  most important co r rec t ion  t e r m s  is t h e  K - t e r m ,  whose 

n a t u r e  is as follows: Because the observable p a r t  of t h e  o p t i c a l  
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spectrum is l imi t ed  t o  3500 - 10000 %I, owing t o  red  s h i f t  the  

observed spectra of d i s t a n t  ga l ax ie s  corresponds t o  t h e  unobserved 

part of nearby g a l a x i e s ,  I f  Eq. ( 2 )  is appl ied  t o  t h e  v i s u a l  

magnitude (which measures the average energy f l u x  a t  X = 5500 A >  I 

then a co r rec t ion  t e r m  usua l ly  r e f e r r e d  t o  as the  K - t e r m  must be 

added. I n  t h e  absence of a better knowledge of t h e  spectrum of 

g a l a x i e s ,  t h i s  co r rec t ion  t e r m  depends s t rong ly  on t h e o r e t i c a l  

ca l cu la t ions .  

9 
A t  d i s t ances  g r e a t e r  than 2 x 10 l i g h t  yea r s ,  t h e  l i g h t  from 

d i s t a n t  ga l ax ie s  i s  so f a i n t  t h a t  it may n o t  be d i s t ingu i shed  from 

t h e  night-emission of the e a r t h ' s  atmosphere. It is  d i f f i c u l t ,  i f  

n o t  impossible,  t o  ob ta in  accurate information on t h e s e  d i s t a n t  

ga l ax ie s .  

(iii) D i s t r i b u t i o n  of qalaxies i n  t he  Universe.  A t  p r e s e n t  

t h e r e  i s  a r e l a t i v e l y  good d a t a  on t h e  d i s t r i b u t i o n  of g a l a x i e s  

up t o  a d i s t ance  of 10 l i g h t  yea r s .  It  i s  customary t o  d e f i n e  
9 

t he  quan t i ty  N ( m ) ,  which i s  t h e  number of g a l a x i e s  pe r  square 

degree b r igh te r  than a magnitude m . Using Eq. (21 ,  N(m)  then  

becomes t h e  number of g a l a x i e s  enclosed up t o  a d i s t a n c e  r, and 

4rrr2dr 
of lo9 l i g h t  years ,  t h e  observed N ( m )  agrees  wi th  t h a t  given by 

a Eucleidean space with uniformly d i s t r i b u t e d  g a l a x i e s .  

is t h e  number d e n s i t y  of g a l a x i e s  a t  r.  Up t o  a d i s t a n c e  

The 
-31 3 (16) 

der ived  matter-energy d e n s i t y  (due to galaxies) is 7 X 10 g/cm 
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9 The p r o p e r t i e s  of the Universe up t o  a d i s t a n c e  of 10 l i g h t  yea r s  

i s  i n  agreement w i t h  t h e  concept of homogeneity and i so t ropy .  

( i v )  Other forms of matter-enerqy dens i ty .  I n  a d d i t i o n  t o  

ga l ax ie s ,  the Universe appears t o  be f i l l e d  w i t h  an i s o t r o p i c  

r a d i a t i o n ,  which, i n t e r p r e t e d  a s  a b lack  body r a d i a t i o n ,  has  a 

temperature of 3 K. A t  p resent ,  only a p a r t  of the spectrum o (17) 

~ i s  a v a i l a b l e .  The t h e o r e t i c a l  spectrum and the observed p o i n t s  
I 

I 0 are shown i n  Fig.  1. A 3 K black body r a d i a t i o n  g ives  an energy 

d e n s i t y  of 6 x 10 

d e n s i t y  of ga l ax ie s .  (18) 

-34 3 g/cm , which is loe3 t i m e s  smaller than the  

One form of i n t e r g a l a c t i c  matter i s  n e u t r a l  hydrogen. There 

i s  no p o s i t i v e  information on i n t e r g a l a c t i c  mat ter .  I f  the red- 

s h i f t  of t h e  quasars  i s  taken t o  be cosmological,  then from t h e  

shape of the  emission l i n e  H a ,  Gunn and Peterson and la ter ,  

I concluded t h a t  the dens i ty  of i n t e r -  (20) Bahcal l  and S a l p e t e r  

g a l a c t i c  n e u t r a l  hydrogen cannot exceed 10 g/cm . -34 3 

There is  l i t t l e  or no information on ionized hydrogen and 

o t h e r  forms of matter, or energy. W e  s h a l l  d i s c u s s  these problems 

i n  Sec t ion  X I .  
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I V .  Cosmoloqical Models. 

(i) Conventional cosmoloqical m o d e l s .  

Astronomical information i n d i c a t e s  t h a t  up t o  a d i s t a n c e  of 

9 2 x 10 l i g h t  yea r s ,  t h e  d i s t r i b u t i o n  of galaxies shows homogeneity 

and i so t ropy .  I f  i so t ropy  and homogeneity are assumed t o  be 

p r o p e r t i e s  of t h e  Universe,  and i f  w e  exclude s ta t ic  models, then 

it can be shown (20)  t h a t  t h e  most gene ra l  form of the l i n e  element 

ds  i n  a co-moving sys t em w i t h  respect t o  matter i s  given by 
* 

where 8 ,cp are t h e  polar  angles ,  r i s  t h e  r a d i a l  coord ina te  and 

t i s  t h e  proper t i m e .  W e  have used Tolman's notation!21) f ( r )  and 

g ( t )  are func t ions  of r and t ,  which are determined from f i e l d  

equat ions.  Using Eq. (41, E i n s t e i n ' s  f i e l d  equat ions  become 

A prime and a d o t  refer t o  d i f f e r e n t i a t i o n  w i t h  respect t o  r and t 

H e r e  we adopt t h e  system of u n i t s  such t h a t  c=G=l, where G i s  the  
g r a v i t a t i o n a l  cons t an t  and c is t h e  v e l o c i t y  of l i g h t .  I n  t h i s  
System Of u n i t s ,  the u n i t  of length  is  c m  

C 

* 

t h e  u n i t  Of t i m e  i s  
= 3.335 x 10-11 Set, and t h e  u n i t  of m a s s  is  M = 1 .349  X lo2* g- 
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i 
r e s p e c t i v e l y ,  and T i s  the s t r e s s  energy tensor .  The cosmological 

cons t an t  A has been put  t o  zero ,  according t o  t h e  c u r r e n t  p r a c t i c e .  

j 

and a f i r s t  2 3 
3 f  

= T 2 = T  
1 
1 I f  space i so t ropy  i s  assumed, then T 

i n t e g r a l  can be obtained by equating the first and t h e  second 

equat ions  i n  Eq.  ( 5 ) :  

( 6 )  
f ( r )  - A - e 

(1+ 2) 2 
ARo 

is a cons tan t  which can be p o s i t i v e ,  nega t ive ,  o r  zero.  2 where R 
0 

w e  g ( t)  Absorbing t h e  cons t an t  A t o  t h e  undetermined func t ion  e 

can w r i t e  t h e  m o s t  genera l  form of the  l i n e  element as 

2 2 2  2 g (t)  e ds2 = - '- ( d r  + r2dB2 + r2 s i n  Bdcp ) + d t  . 
r" 1+ - 
a02 

Since  

...l-b-*- wLL=LG p is ths r)ressr~.re and o i s  t h e  matter-energy d e n s i t y ,  

by us ing  Eqs. ( 7 )  and ( 8 ) ,  t h e  f i e l d  equat ions (5 )  become 

1 - g ( t )  .. 3 .2  
~ I T P = - -  2 e - s - p  

Ro 

(9) 
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e 'g(t) is  the  metric f o r  length.  W e  can the re fo re  w r i t e  

where 4, i s  t h e  proper length  a t  t i m e  t and is  a cons t an t .  

P and p a r e  a l l  func t ions  of 4,, and hence are i m p l i c i t  

func t ions  of t i m e  t . 
S u b s t i t u t i n g  Eq.  (11) i n t o  (lo), w e  obta in  

4 , 2 *  
d4, [ p.t2 - ($1 ] 
d t = +  0 

(12) 

where w e  have chosen t h e  + s i g n  for the square root t o  fit  t h e  

expansion of t h e  Universe. 

-4 
As w e  s h a l l  show later f o r  r a d i a t i o n  p a 4, I and f o r  matter 

-3 
p a 4, 

paren thes i s  on t h e  r i g h t  hand s i d e  of Eq.  (12)  can be neglec ted  

a g a i n s t  p 4 . W e  then f i n d  t h a t  

, hence a t  an earlier epoch, o t h e r  q u a n t i t i e s  i n  t h e  

2 

* which g i v e s  the  s o l u t i o n  4, a t . This  means t h a t  there i s  a t i m e  
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i n  t h e  p a s t  when t h e  r a d i u s  of t h e  Universe i s  zero.  

r e l a t i v i t y  theory p r e d i c t s  a d e f i n i t e  o r i g i n  of t h e  Universe. 

Thus, gene ra l  

From Eq. (131, w e  f i n d  t h a t  i n  an e a r l y  epoch, f o r  a r a d i a t i o n  

f i l l e d  Universe,  

-% T = T ' t  
d d n G -  1 - -  
d t  2 t  I 

H (t) = 
0 

I 

and f o r  a matter  f i l l e d  universe  with a n e g l i g i b l e  pressure ,  

2 
H (t) = - 

0 3 t  I 

- 2/3 T = T" t 

where T '  and T" a r e  cons tan ts .  

To see whether t h e  expansion w i l l  ever  stop, t h e  f i e l d  

equat ions  and t h e  metric w i l l  be w r i t t e n  i n  another  form o r i g i -  

nated by Robertson. (22 )  If w e  make t h e  s u b s t i t u t i o n  t h a t  

- 3 
(note  t h a t  R may be p o s i t i v e  or negative, 50  that the  v n l u e  zf 

k is +1, -1, o r  0 ) ,  then Eq. ( 7 )  becomes 

0 

(15) 

2 g ( t )  
2 2 bo I e ( d r g 2  + r g 2  de2 + r 2 s i n  2 Bdcp 2 ) .  (17 )  d s  = d t  - 

(1+ k r$) 
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Let R(t) = lRo 1 e 3ig(t) . 
Universe.) Then the field equations (9) and (10) become 

( R(t) is the scalar curvature of the 

2R k - 2  
E + - + 8nP = - - 
R2 R R2 

i2 8np - k _ - - - - -  
R2 a 

R 3 

A positive value of k corresponds to a closed Universe, a negative 

value of k to an open Universe, and a null value of k to an 

Eucleidean Universe. 

a manner so as to correlate the curvature of the Universe to the 

overall matter-energy density of the Universe. 

The field equations will now be rewritten in 

Clearly the Hubble constant can be written in analogy to 

Eq. (11): 

R - dtnR H = - - -  . 
0 R dt 

qo : We now define a'deceleration parameter 

Equating the two equations of (18), w e  find 
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.. 
!!+4rr(fl+P)=O. 
R 3 

Using Eqs. (19) and (20) to simplify Eq. (21), we find 

2 

4 
Ho qo 3 P + p =  

(21) 

or in c.g.s. units, I 

0 
H 2 

= 3.21 x 10 3 P  - Ho qo 
C2 4 G  100 km/sec/megaparsec, 
- +  p - 

This equation relates the matter-energy density 3 P + p 

and the Hubble constant Ho . deceleration parameter 

to the 

qO 

Substituting Eq. (22) into the first of Eq. (18) and using 

Eq. (19) and (20) to simplify results, we obtain 

- _ -  - 4rr Cp(2q0-1) -3 PI 
R 2 3q0 

Eq. 

the matter-energy density p ,  the pressure, and the deceleration 

parameter q of the Universe. 

(23) relates the nature of the geometry of our Univer-3 to 

For a Universe in which matter is 
0 
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dominant, then P - 0 and t h e  condi t ion  f o r  a c losed  Universe 

(k = +1) a r e  t h e  same as having 

1 > -  
qo 2 a 

2 
For a Universe i n  which r a d i a t i o n  is dominant, so t h a t  P = 3 p c , 

the  condi t ion  f o r  a c losed  Universe i s  

N o t e  t h a t  Ho is an observable q u a n t i t y  (obtained d i r e c t l y  

f r o m  t h e  r ed - sh i f t  of d i s t a n t  g a l a x i e s ) .  Therefore,  a knowledge 

of the  matter-energy dens i ty  i n  t h e  Universe w i l l  dec ide  t h e  

c l o s u r e  p rope r t i e s  of t h e  Universe. The more convent ional  tests 

of cosmological t h e o r i e s  cen te r  around measuring p r o p e r t i e s  of 

very d i s t a n t  ga l ax ie s  t o  ob ta in  a va lue  of q . W e  s h a l l  adopt t he  

u s e  of the  matter-energy dens i ty  t o  c o n s t r u c t  a cosmological model. 

0 

(ii) Unconventional Cosmoloqical Models. 

(a)  Continuous c r e a t i o n  or s t eady  s t a t e  model. 

Gold and Bondi f i rs t  had t h e  i d e a  of t h i s  model, b u t  

(23 1 i t  was f i n a l i z e d  by  H o y l e  i n t o  a mathematically r igorous  theory.  

This model has been exp lo i t ed  ex tens ive ly  by Hoyle and h i s  asso- 
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ciates. B r i e f l y  speaking, t h i s  type of model i s  based on two 

cosmolosical  p r inc ip l e s :  

(1) t h e  Universe i s  homogeneous i n  space 

( 2 )  t h e  Universe i s  homogeneous i n  t i m e  

As w e  have seen, (1) i s  a n  observed property of t h e  Universe 

9 
up t o  a d i s t a n c e  of 2 x 10 l i g h t  years .  However, (b) i s  a con- 

jecture based on ( 2 ) .  One of the  important f e a t u r e s  of t h i s  

cosmology is  the  requirement of spontaneous c r e a t i o n  of matter. 

As t h e  Universe expands, the  mean dens i ty  of a Universe w i l l  de- 

crease, thus v i o l a t i n g  p o s t u l a t e  (b) .  I n  order  t o  maintain (b) 

it is  necessary t o  p o s t u l a t e  the  spontaneous c r e a t i o n  of mat ter .  

Thus, t h e  s teady s t a t e  model r equ i r e s  t h e  v i o l a t i o n  of the energy 

conserva t ion  p r i n c i p l e .  

Seve ra l  r ev i s ions  have been  made t o  f i t  the theory t o  con- 

s t a n t l y  accumulated observat ional  facts.  For some reasons ,  Hoyle 

f i n a l l y  gave up the  theory.  (24 1 

This theory r e q u i r e s  a negat ive value of -1 f o r  the  dece lera-  

t i o n  parameter q . A negat ive value i s  allowed i n  t h i s  theory 

because the f i e l d  equatiwIis are mcdified hy nnncnnservation of 

energy. 

0 

The theory does n o t  allow a uniform r a d i a t i o n  background, 

0 
t hus  con t r ad ic t ing  the observed 3 K cosmic background r a d i a t i o n .  
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(25 )  (b) Dicke's scalar theory.  

I n  conjunct ion with Mach's p r i n c i p l e ,  Dicke has  pos tu l a t ed  

t h e  ex is tence  of a scalar f i e l d  whose source i s  the  con t r ac t ed  

stress energy tensor  T = C T . According t o  t h i s  theory,  t h e  

Universe can be made t o  c l o s e  even for i t s  p resen t  va lue  of matter- 

energy dens i ty ,  due t o  ga l ax ie s  a lone .  A consequence of t h e  

in t roduct ion  of t h e  s c a l a r  f i e l d  is t h a t  the g r a v i t a t i o n a l  cons t an t  

is  a funct ion of t i m e ,  for o r  a g a i n s t  which t h e r e  i s  no d e f i n i t e  

observa t iona l  d a t a .  

i 
i i  

A g r a v i t a t i o n a l  theory with a scalar f i e ld  w i l l  p r e d i c t  a 

d i f f e r e n t  value f o r  t h e  advancement of t h e  p e r i h e l i o n  of p l a n e t s  

and a d i f f e r e n t  value f o r  t h e  bending of l i g h t .  Unless i t  can be 

shown t h a t  t h e r e  a r e  o the r  causes  f o r  t h e  advancement of the p e r i -  

he l ion  of Mercury, t h e  good agreement between t h e o r e t i c a l  p r e d i c t i o n  

and observat ion must be taken as an evidence t h a t  t h e  scalar f i e l d  

does n o t  exist. (2 6) 

The steady s ta te  theory and t h e  scalar f i e l d  theory w i l l  n o t  

be discussed f u r t h e r  i n  t h i s  paper.  

(27 1 V. Classical T e s t s  of Cosmoloqical Models. 

AS w e  have seen i n  t h e  las t  s e c t i o n ,  t h e  t w o  important  quan- 

t i t i es  which c h a r a c t e r i z e  a cosmological m o d e l  are Hubble 's  

cons t an t  H and the d e c e l e r a t i o n  parameter qo. H Can be 
0 0 



"bo1 2 9, z + (q 0 -1) c JlW. 0 -11.1 + c ,  qo # 0 (26 )  = 5 log - 1 

q0 

= o  
qo 

= 5  l 0 g Z  ( l + & Z )  + c  
"bo1 2 (27 )  

This  p l o t  of t h e  magnitude versus  r ed - sh i f t  r e l a t i o n  w i l l  t h e r e f o r e  

enable  one t o  determine q . According t o  t h e  m o s t  r e c e n t  work, 

t h e  magnitude - r e d - s h i f t  r e l a t i o n  i n d i c a t e s  a value of q 

t o  +0.5!14)Figure 2 shows the  most recent r e s u l t s  of observa t ions .  

0 

very c l o s e  
0 

(ii) The Count-Maqnitude Relat ion.  

I f  g a l a x i e s  are d i s t r i b u t e d  uniformly i n  space,  counts  t o  

success ive  l i m i t s  of t he  parameter d i s t a n c e  u , w i l l  y i e l d  numbers 

p ropor t iona l  t o  t h e  volume inc losed  wi th in  u . Because volumes 

i n  Riemannian geometry w i l l  e i t h e r  decrease slower or f a s t e r  than 

u , according t o  whether t h e  curva ture  i s  p o s i t i v e  o r  nega t ive ,  

a de te rmina t ion  of t h e  s p a t i a l  curva ture  is  poss ib l e  i n  p r i n c i p l e  

by counts .  Le t t i ng  N ( m )  be t h e  number of g a l a x i e s  b r i g h t e r  than 

t h e  apparent  magnitude m ,  Mattig obtained the  following r e l a t i o n s :  

3 

(30) 

(1-2 q 0 ) - 3 / 2 [ P d 3  - s inh - I  P ]  k = -1 

N ( m )  = - 
-1 

(2 qo -1)-3/2 [ s in  P - p J S . 1 ,  k = + 1 , 

(28) 

where n is t h e  number-density of g a l a x i e s ,  and Q is t h e  number 
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determined d i r e c t l y  from observat ion,  b u t  q is related t o  t h e  

matter-energy dens i ty  of the  Universe through the  f i e l d  equat ions .  

I n  order  t o  compare theory w i t h  observat ion,  i t  is necessary t o  

0 

ob ta in  qO from observat ions,  e i t h e r  d i r e c t l y  from the matter-  1 

energy dens i ty  conten t  of t he  Universe,  o r  i n d i r e c t l y  from t h e  

observat ion of d i s t a n t  g a l a x i e s .  The c lass ical  test of cosmological 

theory involves  obta in ing  

red s h i f t  r e l a t ion ,  and t h e  magnitude - red s h i f t  r e l a t i o n  of 

d i s t a n t  galaxies. 

from t h e  d i s t r i b u t i o n ,  t h e  s i z e  - 90 

Information which can be e x t r a c t e d  regarding the  n a t u r e  of 

t h e  Universe i s  l i s t e d  below. 

(i) Macrnitude versus  Red-shift  Rela t ion .  

As we have s a i d  before ,  the  magnitude - r e d - s h i f t  r e l a t i o n  

can be used t o  check the  v a l i d i t y  of the  inve r se  square l a w ,  and 

hence the  geometric s t r u c t u r e  of the  Universe.  Without using the 

f i e l d  equat ions,  Heckman, Robertson and M c V i t t e  (28) obtained t h e  

following expansion: 

A I  which i s  correct t o  the f i r s t  o rde r  i n  t h e  red s h i f t  Z = - x 
(29) A method based on t h e  assumption of f i e l d  equat ions  gives:  
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of square degrees i n  the  sky. 

A Jk(2 q o - l )  0 .2(%- kR- C') P =  , A = l O  1 

where m i s  the  magnitude i n  t h e  red band, k is t h e  k-correct ion R R 

t e r m  as explained 

For t h e  case  

(27 )  i n  Sect ion 111, and C' i s  a cons t an t  22.516. 

k = 0, we f ind  

Figure 3 shows t h e  d i f f e r e n c e  i n  the  count magnitude r e l a t i o n  f o r  

var ious  cosmological models. As seen, t h e  count-magnitude re la t ion  

can d i sc r imina te  var ious  cosmological models only f o r  objects of 

magnitude of +23 o r  more. This i s  beyond t h e  a b i l i t y  of t h e  200" 

te lescope.  

(iii) Anqular diameters.  

Because of curva ture  i n  space,  t h e  m e t r i c  angular diameter of 

an object does no t  decrease l i n e a r l y .  For cases with q > 0 , 

t h e  r e l a t i o n  i s  

0 -  

c " ( 1  + z j  
A e =  I 

0 

Figure 4 shows t h e  angular  (31) where A i s  given i n  Eq. (29) .  

diameter  red  s h i f t  re la t ion  i n  d i f f e r e n t  t h e o r i e s .  I t  can be seen 
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t h a t  f o r  c losed m o d e l s  the angular  diameter w i l l  reach a minimum 

value ,  and then w i l l  i nc rease .  However, as Sandage pointed o u t ,  

t h e  i sopho ta l  r a d i u s  w i l l  always decrease. 

i s  the  r ad ius  of contours  of equal  s u r f a c e  b r igh tness  of g a l a x i e s .  

The i s o p h o t a l  r a d i u s  
* 

Because of r ed  s h i f t s ,  however, t h e  su r face  b r i g h t n e s s  can  change 

if the observat ion is  made a t  a d e f i n i t e  wave length .  Hence, t h e  

i sopho ta l  rad ius  is d i f f e r e n t  from t h e  metric angular  diameter ,  

which is  the a c t u a l  r ad ius .  The reason f o r  t h i s  d i f f e r e n c e  i s  t h e  

same as for the  in t roduc t ion  of t h e  k-term. 

I n  conclusion, t h e  u s u a l  tests of cosmological theory corre- 

late t h e  behavior of g a l a x i e s  wi th  l a r g e  red  s h i f t s  t o  t h e  geo- 

metrical s t r u c t u r e  of space-time. These tests r e q u i r e  t h e  use  of 

a l a rge  te lescope ,  b u t  a t  p r e s e n t  t h e  l a r g e s t  t e l e scope ,  t h e  5- 

meter H a l e  t e lescope  of M t .  Palomar, is  somehow inadequate t o  

( 2 7 )  d i sc r imina te  between d i f f e r e n t  cosmological models. 

V I .  Proposed New T e s t s  of Cosmoloaical Models. 

The m o s t  important proper ty  of a cosmological model i s  

closure, which depends on the va lues  of t h e  H u b b l e  cons t an t  and 

t h e  matter-energy d e n s i t y  of t h e  Universe.  The Hubble cons t an t  

can be obtained d i r e c t l y  f r o m  g a l a c t i c  r e sea rch .  I n  most cosmo- 

l o g i c a l  work t h e  c l o s u r e  proper ty  which is r e l a t e d  t o  the 

* 
Because of Lionvi1le’’s theorem, t h e  s u r f a c e  b r i g h t n e s s  Of an 
extended source does n o t  change wi th  d i s t a n c e .  ( A r k i ~ ( ~ ’ )  

~~ ~~ 
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l a w s ,  then it is  unavoidable t o  admit t h a t  t he  p resen t  Universe 
I 
I 

e r a t i o n  parameter q , i s  determined from observing d i s t a n t  ga l ax ie s .  

T h i s  approach has  s t imula ted  widespread r e sea rch ,  including t h e  

0 

presen t  work. H e r e ,  however, w e  w i l l  u s e  a d i f f e r e n t  c r i t e r i o n  

I f o r  t h e  acceptance of a cosmological model and t h e  determinat ion of 
the  c l o s u r e  property of our Universe. 

If w e  exclude c e r t a i n  cosmological models which con ta in  

- a priori assumptions i n  v i o l a t i o n  wi th  p re sen t ly  accepted phys ica l  

clear v i o l a t i o n  of c u r r e n t l y  accepted concepts of physics ,  b u t  t h e  

occurrence of t h i s  s i n g u l a r i t y  may i n d i c a t e  the inadequacy of the 

c lass ical  theory of gene ra l  r e l a t i v i t y  a t  too high d e n s i t i e s . *  

I Whatever t h e  case  may be, a t h e o r e t i c a l  s i n g u l a r i t y  a t  the begin- 

ning' of t h e  Universe may i n d i c a t e  a very high dens i ty  during and 

I r i g h t  a f t e r  c r e a t i o n .  I f  t h e  present  Universe evolved from a 

I h igh ly  condensed s ta te ,  then  one can ob ta in  information about t h e  

course  of evolu t ion  of t h e  Universe, based on the use of s ta t i s -  

I t i c a l  phys ics  and non-stat ionary processes .  

Among a l l  forms of matter-energy, t h e  most l i k e l y  ones which 

are of cosmological importance are t h e  following: 

(i) g a l a x i e s  

(ii) r a d i a t i o n  

(iii) i n t e r g a l a c t i c  n e u t r a l  atomic hydrogen 

* 
We do n o t  mean t h a t  a quant ized vers ion  of t h e  General R e l a t i v i t y  I 

theory  i s  t h e  only answer, b u t  w e  want t o  p o i n t  ou t  t h a t  classical 
g e n e r a l  r e l a t i v i t y  is c e r t a i n l y  inadequate a t  l a r g e  d e n s i t i e s .  
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i n t e r g a l a c t i c  ion ized  hydrogen 

i n  t e r g a  lac t i c  hydrogen molecule 

i n t e r g a l a c t i c  n e u t r a l ,  ion ized  and second-ionized 
atomic helium 

i n t e r g a l a c t i c  atomic heavy elements ( ion ized  o r  
n e u t r a l )  

neu t r inos  

g r a v i t a t i o n a l  r a d i a t i o n  

i n v i s i b l e  forms of matter which inc lude  d u s t ,  rock- 
s i z e d  matter, black dwarfs (stars which are too small  
t o  be v i s i b l e )  dead g a l a x i e s ,  etc.  

the ex i s t ence  of an t i -mat te r  i n  t h e  Universe.  

Observations on i t e m s  ( i ) ,  (ii) and (iii) are now a v a i l a b l e .  

I t  may be poss ib l e  t o  ob ta in  direct  information on ( i v ) ,  ( v ) ,  ( v i )  

and ( v i i )  i n  the  f u t u r e .  Observa t iona l  information on ( v i i i ) ,  

( i x ) ,  and (x)  are exceedingly d i f f i c u l t  t o  o b t a i n .  However, i f  

the universe  w e r e  once i n  a h ighly  condensed s ta te  and i f  a cosmo- 

l o g i c a l  model is given,  then ,  i n  p r i n c i p l e ,  information on ( i v )  

t o  ( x i )  c a n  be obtained from s t a t i s t i c a l  phys ics  fo r  non-equilibrium 

processes, i n  terms of information from ( i ) ,  (ii) and (iii). These 

r e s u l t s  can then  be used t o  judge i f  t he  cosmological  model i n  

ques t ion  i s  c o n s i s t e n t  w i th  i t s  basic assumption on any i t e m  from 

( i v )  t o  ( x i ) .  Whenever a d d i t i o n a l  in format ion  on any i t e m  from 

( i v )  t o  ( x i )  i s  a v a i l a b l e ,  it can  be used t o  f u r t h e r  check the 

v a l i d i t y  of the  assumption of a s i n g u l a r  o r i g i n  of the Universe,  

by comparing t h e  c a l c u l a t i o n s  wi th  obse rva t ions .  I n  other words, 

L 



I 31 

w e  s h a l l  make d e f i n i t e  p red ic t ions  on ( i v )  t o  ( x i ) .  From t h e s e  

p red ic t ions  w e  s h a l l  draw conclusions on t h e  c l o s u r e  property of 

the U n i v e r s e .  
~ 

(32) V I I .  E q u i l i b r i u m  Processes.  
I 

I n  t h e  following, we s h a l l  d i s t i n g u i s h  two cases, a weakly 

I n  a weakly i n t e r -  i n t e r a c t i n g  gas  and a non-interact ing gas .  

I a c t i n g  gas  it is  assumed t h a t  the i n t e r a c t i o n  is so s t rong  tha t  a 

thermodynamic equi l ibr ium can be assumed and y e t ,  a t  the  mean t i m e ,  

so weak t h a t  the s t a t i s t i c a l  p rope r t i e s  are the same as an ideal  

gas .  I n  a non-interact ing case, t h e  gas  p a r t i c l e s  are assumed t o  

be s t r i c t l y  non-interact ing.  

, 
(i) D i s t r i b u t i o n  func t ions  f o r  a qas i n  equi l ibr ium. 

I n  t h i s  case w e  are dea l ing  w i t h  a weakly i n t e r a c t i n g  gas .  

The d i s t r i b u t i o n  func t ion  f ( s )  as a func t ion  of the  gas  particle 

k i n e t i c  energy [which = (p2 c2 + m 2 c 4 %  ) - m c  2 , where P i s  

(32) 

t h e  momentum] is  

1 
8 -P exp - + 1 kT - 

= I . \  
L \ E l  

where the + s i g n  i n  t h e  denominator r e f  rs t o  f rmions and the 

- s i g n  refers t o  bosons, p is t h e  chemical p o t e n t i a l  and T is  t h e  

temperature.  The expressions of the  pressure  P ,  t h e  i n t e r n a l  
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energy U (no t  including the  rest energy) and t h e  p a r t i c l e  number 

dens i ty  n as func t ions  of T and p are as follows: 

W 

3 3 ,  g f ( s )  P ap dP 
0 

2 3 J  P =  
61-r A 

n =  

u =  

9 

2112 h 3  

g 

2n2 h3 J 
0 

where g i s  the s t a t i s t - ca l  weAght. 

For a d i l u t e  gas ,  the  f a c t o r  un i ty  1 i n  Eq. (32) can be neglected 

f r o m  the denominator, and t h e  gas  becomes a classical  Maxwell gas .  

P rope r t i e s  of P ,  n, U w i l l  be discussed i n  conjunct ion wi th  

s p e c i f i c  problems involved. 

(ii) C h e m i c a l  equi l ibr ium. 

The condi t ion  f o r  chemical equi l ibr ium a t  cons t an t  temperature 

and pressure  is  given by 

C V .  p - Q = O ,  i i i  

4 

where Q is t h e  energy r e l eased  i n  t h e  r e a c t i o n ,  t h e  s u b s c r i p t s  i 

refer t o  the i - t h  component of t h e  system. 

no common d i v i s o r s ,  s a t i s f y i n g  the chemical r e a c t i o n  

vi  are i n t e g e r s  w i t h  

C v . A  = 0 ,  
i l i  

(37) 
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where Ai i s  the  no ta t ion  f o r  the  i - t h  spec ie s .  

(iii) Applicat ions t o  a system of mixture of e lementary  

particles. 

(a )  P a i r  Creation. 

W e  now consider  an e q u i l i b r i u m  among protons,  neut rons ,  

e l e c t r o n s ,  photons and neut r inos .  W e  s h a l l  neglec t  t h e  nuclear  

r e a c t i o n  which leads t o  a b u i l d  up of heavy elements.  The reason 

f o r  t h i s  omission i s  t h a t  the amount of heavy elements r e s u l t i n g  

from t h e  i n i t i a l  s t e p  of nucleosynthesis  i s  less than 30 percent .  ( 3 3 )  

For a photon gas ,  t h e  t o t a l  number of photons i s  n o t  f ixed  

b u t  is determined by t h e  condi t ion of equi l ibr ium such t h a t  

the chemical ; a s \  - -p 
' \ an lp ,T  

- -  
T f  where s is  the entropy. Since - 

p o t e n t i a l  f o r  a photon gas i s  zero.  The chemical equi l ibr ium 

cond i t ion  f o r  t h e  p a i r  c r e a t i o n  r e a c t i o n  

is then  
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If t h e  t o t a l  number of p a r t i c l e s  (number of p a r t i c l e s  minus number 

of a n t i p a r t i c l e s )  i s  conserved, then there is the subs id i a ry  con- 

d i t i o n  tha t  

n - n - = n  
A A 0 

where n is t h e  number dens i ty  of atomic e l e c t r o n s .  Eqs. (40)  

and ( 4 1 ) ,  together  w i t h  Eq. ( 3 4 ) ,  enable  one t o  determine n and 

0 

A 

n z  i n  terms of the  temperature T and p . 

Applications:  W e  now consider  t h e  case  n = 0. 
0 

- pA - pz = 0 ,  and 

W e  then  f i n d  

(42) 

For t h e  case of a photon gas ,  the  p a r t i c l e  and a n t i - p a r t i c l e  are 

i d e n t i c a l  and g = 2. Therefore,  w e  have 

4 
U = a T  

Y 

15 a T3 
c ( 3 )  = 2.404 - k3T3 

2 2 3  
r r c n  

4 E  
TT 

n = 2  
Y 

(44)  

(45 1 



I where a is the Steffan-Boltzmann constant and c ( z )  is the zeta 

function of Riemann. 
I 

For the case of a neutrino, since there is only one spin 
I 

component for the observed neutrino and anti-neutrino respectively, 

g = 1. We.find 

1 P = - u  
v 3 v  

c3 k3 3 n = n- = 0.901 - T . 
Tr2 *3 v V 

Eqs. (47)-(49) are applicable to electron pairs and nucleon pairs 

at relativistic temperatures if everyquantity is multiplied by a 

factor of 2 .  

For nonrelativistic temperatures such that - kT << 1 , then 
mc 2 

f i ' ld  

(49) 
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where 

2 2 ( U  + n m c  ) = (u- + n- m c  ) 
A A A A 

2 m c  
$ =  kT - 

(b) Ion iza t ion  and molecular d i s s o c i a t i o n .  

Consider t h e  simple case  of only one bound e l e c t r o n  wi th  no 

exc i t ed  s t a t e s .  The r e a c t i o n  f o r  i o n i z a t i o n  is: 

Hence, t h e  equation becomes 

where  Ei i s . t h e  i o n i z a t i o n  energy. Taking t h e  n o n r e l a t i v i s t i c  

and t h e  d i l u t e  gas  l i m i t  i n  Eq. (34) w e  f i n d ,  

(53) 

Defining the  degree of i o n i z a t i o n  a by i 
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a =  i n + n  + A 

(a 

w e  ob ta in  

is t h e  f r a c t i o n  of a l l  atoms ionized i 
I ,  from Eq. (55) and (56) 

2 
~ ~ T T  me kT)3'2 -E./kT 1 a i 'A+ 'e- 

(57) - =  e 
h2 n + n  

1-ai gA A A+ 

For moleculesof type A the  degree of a s s o c i a t i o n  a w i l l  be 
2 d 

2 2 3/2 
- = -  'A - E ~ / ~ T  d a 

1-ad 
e 

is  replaced by 
9A I f  t h e  excited states a r e  taken i n t o  account,  

t h e  p a r t i t i o n  func t ion  

2 = C g6 exp - k-T .t , 
A t  

(58) 

(59) 

where t h e  summation over 4, 

and E is  t h e  energy of t h e  excited state.  P a s t  experience shows 

t h a t  t h e  i n c l u s i o n s  of e x c i t e d  s t a t e s  do n o t  change the  simple 

r e s u l t s  of Eq. (57) appreciably.  

i s  c a r r i e d  over a l l  exc i t ed  states, 

4, 
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(32) nII. Non-Equilibrium Processes.  

The behavior of a system of p a r t i c l e s  no t  i n  thermodynamic 

equi l ibr ium is descr ibed by t h e  Boltzmann equat ion 

a f .  ( r .  , P .  , t )  
1 "'1 M . 1  + v .grad f .  hit P i , t )  

-i r 1  a t  -i 

+ b,  .grad f .  (ril P i , t )  = L2'  d t  _I 
C 

1 ,Pi -- 1 

w h e r e  r i s  t h e  coord ina te ,  p .  t h e  momentum, -i v the v e l o c i t y ,  

and 

spec ie s .  I n  gene ra l  f i s  t i m e  dependent,  and i s  d i f f e r e n t  from 

i -1 

f i  
the d i s t r i b u t i o n  func t ion  of the  p a r t i c l e  of t h e  i - t h  

i 
- d f l -  

is t h e  c o l l i s i o n  1 
t h a t  f o r  equi l ibr ium process  E q .  (32). l x l c  
t e r m  wh ich  takes c a r e  of i n t e r a c t i o n s .  

r df i] 
L d t  C 

For a c o l l i s i o n  process ,  

i s  I -  

w h e r e  o ( e ; ,  v i )  i s  t h e  s c a t t e r i n g  c ross -sec t ion  as a func t ion  

of energy and the angle  of s c a t t e r i n g ,  

p a r t i c l e .  0 = +1 and f o r  fermions,  Oi = -1 . i 

e : ,  of the  i - t h  
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For cases  where p a r t i c l e  c rea t ion  and d e s t r u c t i o n  t ake  p lace ,  
I 

I w e  have 

'i ' 3 '  3 '  - - J f . f .  aa - v.1 (1 + 0 . f . )  d * E j )  2j h3 1 3  -1 7 3  
. (1+ 0 .  f . )  d 

1 1  

' *  
where F j  ( p l ,  p ' )  

j - t h  spec ie s  and momentum , which a r e  capable  of emi t t ing  a 

i s  t h e  f r a c t i o n a l  number of p a r t i c l e s  of t h e  
I+] -1 

p a r t i c l e  of t he  i - t h  spec ie s  of momentum p .  , A j  'pj, I .I.1 p . )  

ra te  of emission per  emitter, and (5 is  t h e  absorp t ion  cross- 

section. Eq. (62) is a l so  appl icable  t o  a n n i h i l a t i o n  processes ,  

b u t  i n  t h i s  case t h e  f a c t o r  (1 + 0 f . )  i s  absent i n  t h e  second 

q u a n t i t y  on t h e  r i g h t  hand s i d e  of Eq. (62) .  

i s  the 
I -1 

a 

I 

i 1  

Eq. (60) i s  s impl i f i ed  when appl ied t o  cosmological models. 

I f  homogeneity and i so t ropy  are assumed f o r  t h e  Universe,  then 

f .  (z. I pi, t) should not  depend on r : t h e  gradr t e r m  

t h e r e f o r e  fan ishes .  The t e r m  p .  i s  r e l a t e d  t o  changes i n  t h e  

proper length  4, , by t h e  following r e l a t i o n  

1 '  1 -i -i 

-1 

This  can be seen  by che following argument, which is based on 

t w o  assumptions: (a)  l o c a l l y ,  the  space-time is  f l a t  and (b) t h e  
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s t a t i s t i ca l  p r o p e r t i e s  of a l l  similar systems are equiva len t .  

assumption (a) i s  a consequence of t h e  geometr ical  cha rac t e r  of 

space-time. 

The 

I t  enables  us t o  use t h e  s p e c i a l  r e l a t i v i s t i c  theory 

of t r a n s p o r t  processes .  The assumption (b) then enables  us t o  

consider  a n  i s o l a t e d  system of p a r t i c l e s  i n  an expanding Universe.  

Consider a cubic  volume of sides of proper length  R i n  an 

evolving Universe, w h e r e  t h e  s i d e s  are allowed t o  expand o r  con- 

tract  w i t h  t h e  Universe. Thus, as t i m e  passes ,  R w i l l  i nc rease  o r  

decrease. I f  t h e  box inc ludes  a l a r g e  number of p a r t i c l e s  so t h a t  

one can t a l k  about the s t a t i s t i ca l  p r o p e r t i e s  of t h e  system, then 

applying assumption ( b ) ,  one can r ep lace  t h e  boundaries of t h i s  box 

by p e r f e c t l y  r e f l e c t i n g  w a l l s ,  such t h a t  a t  t h e  boundary of t h e  

volume, t h e  momenta p = (px,p ,pz)  of a l l  p a r t i c l e s  are reversed t o  
Y 

p ' =  (-Px,P , p  1 ,  (Px,-P , P  1 ,  . Because t h e  sides Of 
Y Z  Y Z  

t h e  cubic  volume are allowed t o  expand w i t h ~ e  Universe,  t h e  par- 

t i c le  d e n s i t i e s  i n s i d e  t h i s  box are the s a m e  as those  ou t s ide .  

The s i z e  of R is so chosen t h a t ,  i s  always s m a l l  compared 

wi th  t h e  ve loc i ty  of l i g h t .  

dR - 
d t  

L e t  t he  o r i g i n  chosen be t h e  c e n t e r  of t h e  cube. Consider a 

and whose PX p a r t i c l e  whose momentum i n  t h e  x -d i r ec t ion  is 

v e l o c i t y  i s  v . I n  a t i m e  d t ,  t h e  number of c o l l i s i o n s  of t h i s  

. Because t h e  w a l l s  are moving away p a r t i c l e  with t h e  w a l l  is  - 
1 dR w i t h  a ve loc i ty  + - - - 2 d t  

X 
R 
V 

X 
i n  t h e  x and x - d i r e c t i o n  r e s p e c t i v e l y ,  
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i n  each c o l l i s i o n  process t h i s  p a r t i c l e  w i l l  lose momentum 

where m i s  the r e l a t i v i s t i c  mass. Therefore,  i n  - dR Apx - m - d t  

m - d t =  a t i m e  d t ,  the t o t a l  amount of momentum l o s t  is  - - 

- 'x d t  

given by t h e  equat ion 

x d R  
d t  

V 

R 

d t  . Thus, t he  rate a t  w h i c h  momentum is  l o s t  i s  d 4n R 

dPx - d t n  R 

d t  
- - -  

'x d t  

The same equat ion,  of course,  a l s o  a p p l i e s  t o  o the r  components. 

The s o l u t i o n  t o  Eq. (64) i s  

where t h e  s u p e r s c r i p t  (0) denotes i n i t i a l  va lues .  

by Ho(t), ( i n  cosmological models H ( t)  d t n  R 
dt 0 

By denot ing 

is t h e  H u b b l e ' s  c o n s t a n t ) ,  because of E q .  (631, t h e  t r a n s p o r t  

equat ion  then  becomes 

Thus, cosmological effects enter i n t o  t h e  t r a n s p o r t  equat ion only 

through t h e  Hubble s cons tan t  Ho ( t ) . 
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I X .  Non-interactinq and I n t e r a c t i n q  G a s e s  i n  Adiaba t ic  Processes. 

(i) Weakly i n t e r a c t i n q  qas. 

(a) R e l a t i v i s t i c  p a r t i c l e s .  

For a weakly i n t e r a c t i n g  g a s ,  thermodynamic equ i l ib r ium 

can be assumed, and for a r e l a t i v i s t i c  gas  8 = pc. Eqs. (331, 

(34) and (35) become 

= 3 P  
where E; = - ' and 

kT 

( 5 )  is t a b u l a t e d  i n  Table 1 for  s e v e r a l  va lues  of 5 and n f 

for cases n = 1, 2. 

Theorem 1. For a r e l a t i v i s t i c  g a s ,  the  parameter k-T ' 
cons tan t  i n  an  adiabatic process, provided t h a t  t h e  t o t a l  number 

of p a r t i c l e s  remains cons t an t .  

remains 
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Proof: I f  V i s  the  volume of the system, then  for a d i a b a t i c  

changes 

PdV + d ( W )  = 0 . 471) 

Using the  r e l a t i o n  Eq. (69) t o  e l imina te  P ,  Eq. (71) g ives  

W 4/3 = cons tan t .  

If t h e  t o t a l  number of p a r t i c l e s  i s  cons t an t ,  then w e  have 

n V = cons tan t  . 

From Eqs. (71) and (72) w e  f i n d  t h a t  

4/3 

= cons tan t  , 

which i s  poss ib l e  only i f  - ' is a cons tan t .  kT 

Cora l l a ry .  For r a d i a t i o n  we have 

(73) 

(74) 

Hence from t he  a d i a b a t i c  condi t ion  Eq. (71) w e  f i n d  
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= cons tan t  , (76) 1/3 Tv 

4 
which is  t h e  same as Eq. (72) i f  w e  use t h e  r e l a t i o n  U = a T  . 

(b) Non- re l a t iv i s t i c  cases. 

For n o n - r e l a t i v i s t i c  cases 8 = p / 2 m  . If t h e  t o t a l  
2 

number of p a r t i c l e s  is  cons t an t ,  then it i s  also t r u e  t h a t  

iJ - = cons tan t  , 
kT 

= cons tan t  , 5/3 W 

n V = c o n s t a n t  , 

and 

= c o n s t a n t  . 2/3 Tv 

(77) 

(78)  

(79) 

The proof i s  similar t o  t h a t  i n  Theorem 1. 

(c) I n  gene ra l ,  i n  i n t e rmed ia t e  cases - IJ. 
kT 

is  n o t  a cons t an t  

and t h e  a d i a b a t i c  l a w s  become more complicated.  

(d)  If  chemical r e a c t i o n s  (pair  c r e a t i o n ,  element e q u i l i -  

b r ium,  and ion iza t ion )  are taken i n t o  account ,  then i n  gene ra l ,  

even f o r  r e l a t i v i s t i c  and nonre1a ; t iv i s t ic  cases , 

condi t ions  a r e  more. complicated.  

t h e  a d i a b a t i c  



rl, r and r3 2 One can d e f i n e  t h r e e  ad iaba t i c  exponents 

which desc r ibe  t h e  r e l a t i o n  b e t w e e n  P ,  V, and T. L e t  t h e  two 

independent thermodynamic va r i ab le s  be denoted by x and y . 
W e  then have 

( P U  - P U  )+P(PXV - P V  1 
(82) - - -  r2 - (d t n  T) - - - T x y  y x  Y X  

r2-1 \d  t n  V ad P ( T U  - T U ) + P ( T V  - T V )  
X Y  Y X  X Y  Y X  

(TxU - T U )  + ( T V  - T V )  

X Y  X Y  

(83) 
d t n  P\  - v  y x  x y  y x  r3-1 = (-) - - -  
d &n T v u  - u v  T ad 

= r2 = r3 = 4/3 and rl For .a non-interact ing r e l a t i v i s t i c  gas  

f o r  a non- in te rac t ing  n o n - r e l a t i v i s t i c  gas  = r2 = r3 = 5/3 . 
When phase t r a n s i t i o n  t akes  p lace  (e .g . ,  e l e c t r o n  p a i r  c r e a t i o n ,  

i o n i z a t i o n ,  e t c . ) ,  then r's w i l l  have lesser values ,  b u t  the 

minimum value  of r's is  1 f o r  any reasonable  gas .  

(ii) S t r i c t l y  non-interactinq qases. 

The case of a s t r i c t l y  non-interact ing gas  is  of i n t e r e s t  

because when t h e  temperature of the Universe is  below say lo9  OK, 

t h e  r e l a x a t i o n  t i m e  for e s t ab l i sh ing  thermodynamic equi l ibr ium f o r  

n e u t r i n o s  is  many t i m e s  g r e a t e r  than the  t i m e  scale of evolu t ion  
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of t h e  Universe. 

garded as a s t r i c t l y  non- in te rac t ing  gas .  F u r t h e r ,  a t  temperatures  

b e l o w  10 

gas i n  the  f u r t h e r  evo lu t ion  of t h e  Universe. 

Therefore  a neutr. ino gas  can and should be re- 

3 0  
K ,  r a d i a t i o n  can a l s o  be regarded as a non- in te rac t ing  

The t r a n s p o r t  equat ion  f o r  a non- in te rac t ing  gas  i s  

a f  . 
1 - -  H (t) p . .  grad f = 0 . 

0 r-l p.  i 
l Y l 1  

a t  

Eq .  

i n t e r a c t i n g  gas. 

(84) w i l l  be used t o  demonstrate c e r t a i n  p r o p e r t i e s  of a non- 

Theorem 2. I f  i n i t i a l l y  t h e  d i s t r i b u t i o n  func t ion  f i  i s  an 

equi l ibr ium d i s t r i b u t i o n  func t ion ,  then  it w i l l  remain so i n  t h e  

r e l a t i v i s t i c  and n o n - r e l a t i v i s t i c  cases. 

I 

Proof: F i r s t  cons ider  t h e  r e l a t i v i s t i c  case. The equ i l ib r ium 

d i s t r i b u t i o n  func t ion  f i s  

1 f =  - 

exp e + 1 
K T -  

fo r  fermion cases (+) and boson cases ( - ) ,  r e s p e c t i v e l y .  Le t t i ng  

t h e  t r a n s p o r t  equat ion  then  becomes - E-CL I - = f  

a f  H o ( t )  5 p - a €  - 1 - 0 ,  - - - -  
e ap kT 

L 
am a t  (86) 
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o r  

S ince  p . - - - pc = 6 , w e  f i n d  - aP - 
.%.. 

p is  determined 

assume t h a t  

from t h e  number dens i ty  of p a r t i c l e s .  L e t  us 

(88) 

- IJ- is  cons tan t .  Then, Eq .  (88) can be solved t o  g ive  
kT 

(0) R'O) - 
R T = T  

This means t h a t  -he concept of temperature i s  v a l i d .  W e  have 

-E 
previously shown t h a t  p a R  (Eq. 6 5 ) ) .  Hence, f is  i n v a r i a n t .  

W e  t h e r e f o r e  f i n d  

Tv 1/3 = constant  

= cons tan t  pv*'- 5 /2 - 1 w 4.13 - -  
3 

and 

nV = cons tan t  , 
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which satisfies the condition that - ’ - - constant. (meorem 1). 
Thus, in an adiabatic process for a relativistic non-interacting 

gas, the spectrum will remain unchanged and the usual adiabatic 

laws will apply. 

kT 

The proof for the non-relativistic case is similar. The 

relation between T and R is 

Hence, 

nV = constant 

5/3 - - -  2 w5/3 = constant PV 3 

= constant 2/3 Tv 

For semi-relativistic cases, the temperature cannot be 

defined and the spectrum is no longer invariant. This stems from 

the absenceof a simple power law dependence of 6 on p in semi- 

relativistic cases. 

In conclusion, in an expansion or contraction process, for 

the case of a strictly non-interacting gas in the relativistic 
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and n o n - r e i a t i v i s t i c  l i m i t ,  i f  the  d i s t r i b u t i o n  func t ion  i s  

i n i t i a l l y  i n  e q u i l i b r i u m ,  it w i l l  remain so i n  the  course of t i m e .  

Fur ther ,  i f  the number of p a r t i c l e s  i s  conserved, then t h e  r a t i o  

- remains cons tan t .  The spectrum a l s o  remains i n v a r i a n t .  
kT 

X. Annih i la t ion  of Par t ic le  Pairs i n  an Evolvinq Universe. 

W e  now cons ider  the problem of a n n i h i l a t i o n  of p a r t i c l e  p a i r s  

i n  an evolving Universe. 

s i n c e  particles and a n t i p a r t i c l e s  show a symmetry i n  the i r  proper- 

t i e s ,  it is  p o s s i b l e  t h a t  t h i s  symmetry proper ty  i s  a l s o  r e f l e c t e d  

i n  the o v e r - a l l  p a r t i c l e - a n t i p a r t i c l e  populat ion of the  Universe.  

This problem arises from the belief t h a t ,  

(34) 

I f  the Universe has a s ingu la r  o r i g i n ,  then a t  some t i m e  i n  

t h e  past  the temperature and dens i ty  of the Universe must be so 

high t h a t  p a r t i c l e  p a i r s  ( including nucleon p a i r s )  are i n  e q u i l i -  

brium w i t h  r a d i a t i o n .  If equi l ibr ium holds  t o  very l o w  tempera- 

t u r e s ,  then  a l l  nucleon p a i r s  w i l l  a n n i h i l a t e .  However, as the 

Universe expands, condi t ions  fo r  achieving s t a t i s t i c a l  equi l ibr ium 

may n o t  be s a t i s f i e d ,  and nucleon pairs may surv ive  a n n i h i l a t i o n  

dur ing  t h e  expansion. 

df'; f o r  the a n n i h i l a t i o n  process  i s  
C 

The c o l l i s i o n  t e r m  
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w h e r e  a is  t h e  a n n i h i l a t i o n  cross s e c t i o n ,  v i s  t h e  r e l a t i v e  

v e l o c i t y ,  and a n  overbar denotes  q u a n t i t i e s  associated w i t h  a n t i -  

p a r t i c l e s .  A similar express ion  can be obtained f o r  'rc1 . 
The production rate i s  usua l ly  a complicated func t ion  of 

Lds+ 

temperature  and d e n s i t y .  Therefore ,  i n s t e a d  of cons ide r ing  t h e  

f u l l  problem, w e  can cons ider  t h e  case where t h e  i n i t i a l  par t ic le  

d e n s i t y  is  many t i m e s  greater than  t h e  equi l ibr ium pair d e n s i t y .  

T h i s  w i l l  mean tha t  the  product ion ra te  is s m a l l  compared w i t h  t h e  

a n n i h i l a t i o n  ra te .  The t r a n s p o r t  equat ion  then becomes: 

a f  - - -  a' H ( t)  p - = - fN(0v) 
a t  0 aP 

A t  low energy, CTV i s  a cons t an t .  A f t e r  mul t ip ly ing  Eqs. (98) and 

2 3  2 3 -  
(99) by 3 d p and - 

h3 F - I .  h 
d3 r e s p e c t i v e l y ,  w e  obtain:  

m 

a N  - + 3 H ( t ) N  = a t  0 

a5 - - -I- 3 H ( t ) N  = a t  0 

where N and are the  number 

and i n t e g r a t i n g  over 

- "(av) 

- NN(av) 

d e n s i t i e s  of particles 

3 
d p and 

and a n t i -  

- 
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p a r t i c l e s .  Equating E q s .  (100) and (101), w e  f i n d  

a (N-N) - + 3 H ( t ) ( N - i )  = 0 . a t  0 

The s o l u t i o n  i s  

I tn(N-N) = - 3 Ho(t) d t  + cons tan t  , ( 103) 

o r ,  ,using t h e  d e f i n i t i o n  H ( t)  (Eq. (19)), w e  f ind  
0 

which s ta tes  t h a t  t h e  t o t a l  number of particles is conserved 

( c f .  conservat ion of baryons) .  Rewriting Eq. (103) : 

N-N = AN exp- 3 H 0 (t) d t  
0 

where ANo is a cons tan t .  By s u b s t i t u t i n g  Eq.  (105) i n t o  E q .  

(100) w e  now ob ta in  

a i  T -2 - + 1 3  H o ( t )  + AN a t  0 
ov exp 3 H o ( t )  d t ]  = - Ov N 

- -1 
Eq.  (106) can be l inea r i zed  by  t h e  s u b s t i t u t i o n  N = Z : 
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az i- 
at -L 0 

3 H (t) + AN 0 ov exp-J 3 H 0 (t) d t ]  Z = ov 

The s o l u t i o n  i s  

where g ( t )  = ov 

h ( t )  = 3 H ( t)  + AN ov exp - 3 H ( t )  d t  0 0 0 

and the a r b i t r a r y  cons t an t  C 

a c t u a l  member dens i ty  N a t  a c e r t a i n  t i m e  t . Eq. (108) i s  a 

g e n e r a l  so lu t ion ,  v a l i d  for any cosmological model. 

i s  t o  be determined from the 
1 

X I .  Co-existence of P a r t i c l e s  and A n t i - p a r t i c l e s  i n  an Evolvinq 

(35) Cosmoloqical Model. 

W e  now apply EQ. (108) t o  an evolu t ionary  cosmological model. 

For a Universe i n  which r a d i a t i o n  energy is dominant, then ,  

= c o n s t a n t ,  w e  f i n d  4/3 From t h e  thermodynamic r e l a t i o n  t h a t  TV 

t h a t  

T ( t )  = T '  t -+ (110) 
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and, i f  t he  t o t a l  number of p a r t i c l e s  i s  conserved, 

-3/2 n ( t )  = n '  t 

D i f f e r e n t  cosmological t h e o r i e s  w i l l  g i v e  somewhat d i f f e r e n t  va lues  

of T' and n ' .  Alpher e t  a1 

eva lua t ion  of n '  i s  d i f f e r e n t  from t h e  eva lua t ion  of T '  . The 

p resen t  universe  i s  a matter universe f o r  which 

10 OK gave T '  = 1.5  x 10 . The (36 1 

2 1  H ( t)  = - - 
0 3 t  

- 2/3 
T (t) a t 

3 -2 n ( t ) = T  a t  
I 

Hence n '  must be evaluated from the  equat ion 

3 
n (t) = n' (+') . 

-7 Using the p resen t  va lue  of n = 10 and t h e  cons tan t  T ' ,  one 

f i n d s  tha t  n '  = if t h e  age of the Universe i s  taken t o  be 

10 - 10 yea r s .  The proper inc lus ion  of i n t e r a c t i o n s  between 
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p a r t i c l e s  and a n t i - p a r t i c l e s  w i l l  only s l i g h t l y  a l t e r  the numerical  

c h a r a c t e r  of the r e s u l t .  S u b s t i t u t i n g  E q .  (109) i n t o  E q s .  (105) ~ 

and (108), w e  then f i n d  

-3/2 - 
N - N  = AN 0 t 

-(’) is the va lue  of % a t  t = t . I n  the case N = where N 

it is  e a s i l y  shown t h a t  t h e  s o l u t i o n  i s  

0 

- 
Comparing E q .  (118) wi th  E q .  (lll), w e  see t h a t  i n  t h e  case N = N ,  

t h e  pair  dens i ty  is  quick ly  reduced by  a d e p l e t i o n  f a c t o r  

a f t e r  a t i m e  of t h e  order  of  t has e l apsed .  T = [ O v N  

is t h e  mean l i f e  t i m e  of a par t ic le  ( o r  an  a n t i - p a r t i c l e )  a g a i n s t  

a n n i h i l a t i o n  a t  t = t . I n  t h e  case of E q .  (117), however, 

t h e  dep le t ion  f a c t o r  i s  

1 + 2 t o a  /T 

- O,-l 
0 a 

0 
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An' CTV which can be very l a r g e  i f  >> 1 . 
t +  
0 

Now w e  apply E q s .  (117) and (118) t o  our  Universe. F i r s t  

w e  must f i n d  a set  of the i n i t i a l  d e n s i t y  and temperature  of t h e  

Universe a t  t h e  earliest  possible epoch f o r  which the  assumptions 

underlying E q s .  (117) and (118) are s t i l l  v a l i d .  W e  choose 

t = 0.01 sec. The i n i t i a l  temperature and d e n s i t y  computed f r o m  

E q s .  (110) and (115) are 1 . 5  x 10 K and 10 / c m  r e s p e c t i v e l y .  

I n  the n o n r e l a t i v i s t i c  l i m i t ,  t h e  equ i l ib r ium proton p a i r  d e n s i t y  n 

i s  g iven  by (see Eq .  3 4 ) )  

0 
11 0 25  3 

(e) 

109 
T11 

- -  ll'p, , Tll= T/10 3 8  3/2 e (4)  e = 1.2x1.0 4 2 * 3  
-19 3/2 

3 m 3 c  

T1l 
- -  (e) - n 

(119) Tr 

13  2 
1 .09  x 10 m c  

P -  w h e r e  @ = - - kT , and m is t h e  proton mass. From 
T P 

E q .  (119) w e  f i n d  t h a t  a t  T = 1.5 x 10 OK, t he  equi l ibr ium 

25 3 d e n s i t y  n (e) i s  much less than the i n i t i a l  d e n s i t y  10 / c m  so 

t h a t  t h e  use of our theory i s  j u s t i f i e d .  But t h i s  temperature is  

n o t  very  d i f f e r e n t  f r o m  the temperature of 2 x 10 

the  equ i l ib r ium d e n s i t y  i s  also 10 / c m  . T h i s  i s  due t o  the steep 

OK a t  which 

25  3 

for  p-p a n n i h i l a t i o n  a t  z e r o  energy is  a cons t an t  w i t h  

2 x 10 -I5 c m  / ~ e k ? ~ )  W e  t h e r e f o r e  f i n d  t h a t ,  i n  the  case of Eq .  

8 (1181, t h e  d e p l e t i o n  f a c t o r  1 + 2 t o / T a  i s  of the order  of 10 . 

av = 

3 

Thus, had our Universe been c rea t ed  w i t h  an equal  number of 
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p a r t i c l e s  and a n t i - p a r t i c l e s ,  most p a i r s  would have a n n i h i l a t e d  

i n  the f i r s t  few hundredths of a second a f t e r  c r e a t i o n ,  and t h e  

p re sen t  U n i v e r s e  would have been r i c h e r  i n  r a d i a t i o n  energy than 

what i s  observed. Fur ther ,  un less  t h e r e  i s  a mechanism not  y e t  

known t o  u s  which can cause a complete sepa ra t ion  between p a r t i c l e s  

and a n t i - p a r t i c l e s  t o  take p lace  before  the formation of g a l a x i e s ,  

an even l a r g e r  f r a c t i o n  of nucleon p a i r s  w i l l  a n n i h i l a t e  during 

g a l a c t i c  and star formation, r e s u l t i n g  i n  a number of 75 MeV photons 

from t h e  decay of n 

the  p re sen t  observat ions exclude such a high energy f lux ,  w e  con- 

c lude  t h a t  the assumption of an equal  number of p a r t i c l e s  and 

a n t i - p a r t i c l e s  a t  the t i m e  of c r e a t i o n  of t h e  Universe i s  incom- 

p a t i b l e  w i t h  both observa t ions  and p resen t ly  accepted phys ica l  laws 

and world models. 

0 -mesons produced i n  p-6 a n n i h i l a t i o n s .  S ince  

I f  the  Universe is  i n i t i a l l y  r i c h e r  i n  p a r t i c l e  populat ion,  

then Eq. (117) te l ls  us  t h a t  as long as An' av/t  ' >> 1, v i r t u a l l y  

a l l  a n t i - p a r t i c l e s  c rea t ed  a t  t h e  e a r l y  epoch w i l l  have a n n i h i l a t e d  

0 

i n  t h e  f i r s t  f e w  hundredths of a second af ter  creation. The pre- 

s e n t  Universe i s  the re fo re  free of any r e s i d u a l  a n t i - p a r t i c l e  

a s soc ia t ed  with t h e  c r e a t i o n  of t h e  Universe.  This is  c o n s i s t e n t  

with t h e  a v a i l a b l e  data on cosmic ray  an t i -pro ton  f l u x e s .  

p re sen t  c a l c u l a t i o n  thus precludes t h e  presence of a n t i - g a l a x i e s  . 
The 
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X I .  E s t i m a t e s  of t he  U p p e r  L i m i t  of Matter-Enerqy D e n s i t y  of t h e  
I Universe. 

Eq. (118) te l ls  us t h a t  t he  dep le t ion  f a c t o r  i s  of t he  order  

-1 of t o / T ,  where T i s  t h e  mean i n t e r a c t i o n  t i m e  (5VN) . W e  now 

apply t h i s  cr i ter ia  t o  ob ta in  rough e s t ima tes  of a l l  forms of 

matter energy i n  t e r m s  of observed r a d i a t i o n  d e n s i t y  and matter 

d e n s i t y  (ga l ax ie s  and i n t e r g a l a c t i c  hydrogen) . An exact t reatment  

of t h i s  problem with a better cosmological model w i l l  be d iscussed  

i n  a forthcoming paper.  

(1) I n t e r g a l a c t i c  ionized hydrogen. 

According t o  Alpher’s  model Universe,  down t o  a temperature ( 3 6 )  

I 

of 300 OK r a d i a t i o n ,  energy is  dominant. 

t h e  temperature-density r e l a t i o n :  

W e  can use Eq. (115) f o r  

(120) 10 n = ( 1.5 x 10 

S u b s t i t u t i n g  Eq. (120) i n t o  Eq. ( 5 7 ) ,  w e  ob ta in  t h e  degree of 

i n  terms of t he  temperature of t h e  
“i i o n i z a t i o n  of hydrogen 

5 2 3/2 
. (121)  

1.57 x 10 - -  T 5, exp - 16 1.57 x 10 
( T  - 1.4 x 10 ‘i 

1-a 
I 

When t h e  va lue  of t h e  q u a n t i t y  on t h e  l e E t  hand s i d e  i s  of t h e  



58 

order  of un i ty ,  i o n i z a t i o n  equi l ibr ium w i l l  begin t o  s h i f t  towards 

n e u t r a l  hydrogen. 

corresponding d e n s i t y  i s  n - 100 and t = 10 seconds.  The 

recombination c ross -sec t ion  i s  10 c m  a t  t h i s  temperature,  and 

hence, OV = 4 x 10 and T = 7 x 10 seconds, which is much 

smaller than t W e  may the re fo re  conclude t h a t  m o s t  ion ized  hydroqen 

13 w i l l  recombine a t  approximately 10 secords a f t e r  c r e a t i o n .  The 

ques t ion  i s  then whether i n t e r g a l a c t i c  n e u t r a l  hydrogen can become 

ionized af ter  t h e  formation of ga l ax ie s .  

shown t h a t  i f  t h e  i n t e r g a l a c t i c  hydrogen is  no t  ionized i n i t i a l l y  

be fo re  g a l a c t i c  formation, then it is  un l ike ly  tha t  an ion ized  

s t a t e  can come i n t o  being af terwards and be maintained a t  p re sen t .  

Fur ther ,  down t o  a temperature of 300 K ,  r a d i a t i o n  i s  dominant. 

This  means t h a t  t h e  t o t a l  energy (self g r a v i t a t i o n a l  energy p l u s  

t h e  thermal energy) of a region i n  space i s  always c l o s e  t o  ze ro .  

The necessary condi t ion  f o r  g r a v i t a t i o n a l  condensation is  t h a t  

t h e r e  e x i s t  regions i n  space f o r  which t h e  t o t a l  energy i s  negat ive .  

Therefore ga l ax ie s  cannot form u n t i l  r a d i a t i o n  energy i s  no longer 

dominant. This means t h a t  t h e  recombination of hydrogen w i l l  t a k e  

p lace  long before  galactic formation. Hence, based on our r e s u l t  

and Gould and Ramsey's estimate w e  can conclude t e n t a t i v e l y  t h a t  

t h e  presence of a l a rge  amount of i n t e r g a l a c t i c  ion ized  hydrogen 

This  takes  p lace  a t  T = 3400 OK, where t h e  

13 
0 

-20 2 

10 

0 

Gould and Ramsey (38) have 

0 
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i s  b a s i c a l l y  i n c o n s i s t e n t  wi th  t h e  accepted p r i n c i p l e  of physics 

and t h e  s ingu la r  o r i g i n  of t h e  Universe. A better c a l c u l a t i o n  

w i l l  t e l l  us  t h e  upper l i m i t  of t h e  amount of ion ized  hydrogen i n  

terms of t h e  t o t a l  i n t e r g a l a c t i c  n e u t r a l  hydrogen and t h e  t o t a l  

m a s s  i n  ga l ax ie s .  

(ii) I n t e r g a l a c t i c  hydrogen molecule. 

Using Eq. (58) and Eq. (120) w e  f i n d  t h a t  

0 
, w e  f i n d  T = 870 K with t h e  corresponding value of 1 

A t  ad - - 
2 

14 n = 2 and t = 3 x 10 sec. The d i r e c t  recombination of two 

hydrogen atoms i n  t h e i r  ground state i n t o  a hydrogen molecule 

0 

(2H - H2) i s  a very improbable process because t h e  t r a n s i t i o n  i s  

a forbidden on$?’)The recombination can t ake  p l ace  through one of 

t h e  e x c i t e d  s t a t e s  ( e . g . f  one atom i n  t h e  ground state and the  

o t h e r  2 )  s t a t e )  o r  v i a  a t h r e e  body process  

f r a c t i o n a l  number of atoms i n  the  f i r s t  exc i t ed  s t a t e  a t  

i s  roughly e z 10 - 4 j  and hence can be e n t i r e l y  neglected.  

3H 4 H2 + H . The 

T = 847 OK 

-1OU 

The t r a n s i t i o n  p r o b a b i l i t y  f o r  t h e  t h r e e  body process  3H -. H + H 

(40)which i s  t o o  s m a l l  t o  y i e l d  any i s  roughly c m  sec , 
2 - 6 

s i g n i f i c a n t  recombination r eac t ions  because of t h e  low dens i ty .  
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Gould and Sa lpe ter  (39 )  suggested t h a t  i n  i n t e r s t e l l a r  space,  re- 

combination may take p lace  on t h e  su r face  of d u s t  g r a i n s .  However, 

a s  w e  s h a l l  see below, t h e  d u s t  g r a i n s  are n o t  l i k e l y  t o  e x i s t  

before  g a l a c t i c  formation and be fo re  the temperature of the 

U n i v e r s e  has dropped s u b s t a n t i a l l y .  Hence w e  conclude t h a t  very 

l i t t l e  hydrogen w i l l  become molecules i n  the  e a r l y  evolu t ion  of 

t h e  Universe. Because t h e  d e n s i t y  of hydrogen i n  i n t e r g a l a c t i c  

space w i l l  always decrease, the formation of hydrogen molecules 

i n  i n t e r g a l a c t i c  space w i l l  become even more un l ike ly  after 

g a l a c t i c  formation. 

g a l a c t i c  hydrogen molecules. 

a l a rge  amount of i n t e r g a l a c t i c  molecu la r  hydrogen should y i e l d  

some absorpt ion l i n e s  a t  t h e  f i r s t  i o n i z a t i o n  p o t e n t i a l  of 15.4 e V  

i n  d i s t a n t  quasars  and should be d e t e c t a b l e .  

Thus it appears  t h a t  there are very f e w  i n t e r -  

W e  may remark t h a t  the presence of 

Based on (1) and ( 2 )  and t h e  observed upper l i m i t  of i n t e r -  

g a l a c t i c  n e u t r a l  hydrogen d e n s i t y ,  w e  conclude t h a t  almost a l l  

hydrogen appears t o  be loca ted  i n  g a l a x i e s .  

(iii) I n t e r g a l a c t i c  heavy elements.  

The abundances of heavy elements ( H e  and others) have been 

est imated by var ious  groups, w i th  the m o s t  o p t i m i s t i c  r e s u l t  

a sc r ib ing  no more than 20 per  c e n t  of a l l  masses t o  t h e  heavy 

I 
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I ( 3 3 )  
elements.  Therefore,  a t  best ,  20 per c e n t  of matter w i l l  be i n  

the  form of elements o t h e r  than  hydrogen. 

( i v )  Neutrinos 

I t  has been conjec tured  from t i m e  t o  t i m e  t h a t  t h e  n e u t r i n o  

energy d e n s i t y  of t h e  Universe can be very l a rge .  (41) A s  w e  have 

seen ,  i f  the  t o t a l  number of neu t r inos  i s  equal  t o  t h a t  of a n t i -  

neu t r inos  and i f  a s t a t e  of thermodynamic equi l ibr ium is  maintained 

a t  the e a r l y  epoch, then  the neu t r ino  energy d e n s i t y  is of t h e  

same o rde r  of magnitude as the  photon energy d e n s i t y ,  and t h e  

spectrum of t h e  n e u t r i n o  gas  cannot be very d i f f e r e n t  f r o m  t h e  

-6 13 oK black body n e u t r i n o  spectrum. A t  t = 10 sec, when T Z 10 I 

t h e  matter d e n s i t y  i s  around 10 par t ic les /cm . The i n t e r a c t i o n  

cross s e c t i o n  of neu t r inos  is  around 10 c m  . Hence, the i n t e r -  

-12 a c t i o n  t i m e  T - ( a m )  

equ i l ib r ium must t h e r e f o r e  ex is t  f o r  neu t r inos  a t  the i n i t i a l  

evo lu t iona ry  phase of t h e  Universe. 

0 
40 3 

-38 2 

is 1 0  sec. A s t a t e  of thermodynamic -1 

I n  o rde r  t h a t  n e u t r i n o  d e n s i t y  may be much larger than t h a t  

of photon d e n s i t y ,  it i s  necessary t ha t  a degenera te  s ta te  ex is t .  
l7 

musi 
u -  uF 

Being a r e l a t i v i s t i c  gas ,  according t o  Theorem 2 ,  - - - k T  kT 

is t h e  f e r m i  energy of the neu t r inos .  EF be a c o n s t a n t ,  where 

I f  EF 

g r e a t l y  exceed t h a t  of an t i -neut r inos  or v i c e  v e r s a .  L e t  us  

is d i f f e r e n t  from zero,  the popula t ion  of neu t r inos  must 
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assume t h a t  the an t i -neu t r inos  are more abundant. (The c a l c u l a t i o n  

w i t h  a more abundant neu t r ino  populat ion is t h e  s a m e . )  Then, f r o m  

Eq. ( 69 ) ,  w e  f i n d  tha t  the  neu t r ino  energy d e n s i t y  U i s  
V 

4 (+) EF -16 4 (+) iEF\  
U V = 4nc (:) T f 2  (G) = 5.824 x 10 (Ed - 

Using the p resen t  va lue  of 

be equated t o  10 g/cm, it is  necessary t h a t  

T = 3 OK, w e  f i n d  t h a t  i f  Uv 
i s  t o  

-29 

5 E 
fi+) (jg) = 5.74 x 10 

10-29g/cm is t h e  energy d e n s i t y  necessary for c l o s u r e .  

comparison, the  p resen t  matter d e n s i t y  due t o  g a l a c t i c  masses = 

For 

-3 1 3 7 x 10 ergs/cm . From Table 1 w e  f i n d  t h a t  

- -  - 40 , EF 
kT 

so t h a t  t he  va lue  of the p resen t  f e r m i  energy w i l l  be of the  order 

of 1.6 x eV, which is t o o  s m a l l  t o  be d e t e c t e d .  However, 

the excessive number d e n s i t y  of a n t i - n e u t r i n o s  over neu t r inos  a t  
5 

presen t  i s  of t h e  order  of n; = 1.406 = 7 x 10 . Com- 

par ing  t h i s  w i t h  t h e  p re sen t  d e n s i t y  of p ro tons ,  we  see t h a t  t h e  



63 

t o t a l  number of an t i -neu t r inos  i s  around t i m e s  t h a t  of 

e l e c t r o n s  or protons.  W e  m u s t  ask: Is t h e r e  any p a r t i c u l a r  reason i 
t h a t  t h e r e  should be such an  excess ive  number of neu t r inos  (or 

an t i -neu t r inos )  i n  t h e  Universe? 

I I f  t h e  number of excess ive  an t i -neu t r inos  is  equated t o  t h e  

x 0 and EF number of e l e c t r o n s  (a l so  equated t o  pro tons)  then  

I t h e  n e u t r i n o  energy d e n s i t y  i s  c l o s e  t o  t h e  black body r a d i a t i o n  

energy d e n s i t y  . 
I W e  t h e r e f o r e  conclude t h a t  neu t r inos  are n o t  l i k e l y  t o  con- 

t r i b u t e  much t o  t h e  o v e r a l l  matter energy d e n s i t y  of t h e  Universe. 

( v )  G r a v i t a t i o n a l  Radiat ion.  

Because t h e  g r a v i t a t i o n a l  f i e l d  i s  a t e n s o r  f i e l d ,  (g rav i t a -  

t i o n a l  quantum) a g rav i ton  has  a s p i n  two: and because t h e  s ta t ic  

g r a v i t a t i o n a l  fo rce  i s  an inverse  square f o r c e ,  t h e  rest m a s s  of 

a g r a v i t o n  i s  zero.  Therefore,  g rav i tons  i n  thermal  equ i l ib r ium 

w i t h  t h e i r  surroundings must have t h e  same spectrum as r a d i a t i o n ,  

and subsequent ly ,  t h e  s a m e  energy densi ty- temperature  r e l a t i o n .  

The ques t ion  then  is whether thermal equi l ibr ium can  ex is t .  

According t o  Eq.  i i i i j ,  t h e  number d e n s i i y  is 

-3/2 n ( t )  = n '  t 

Hence, 
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3/2 -1 - t 
T = (ovn) - - 

uvn I 

The average energy of the  grav i ton  i s  p ropor t iona l  t o  T. 

t h a t  T should decrease as t decreases ,  (uV) as should not  

depend on the  energy f a s t e r  than (energy of g rav i ton )  where 

k > -$. (Note, f o r  neut r inos ,  k i s  p o s i t i v e ) .  When t h i s  cond i t ion  

is  f u l f i l l e d ,  then t h e r e  i s  always a value of t f o r  which T < t , 

so t h a t  thermal dynamic equi l ibr ium can be achieved. 

according t o  Weber, (43) t h e  s c a t t e r i n g  c ross -sec t ion  of a g rav i ton  

by a ma te r i a l  p a r t i c l e  which i s  damped only by r e - r ad ia t ion  i s  

I n  order  

However, 

2 -2 propor t iona l  t o  X o r  E , and one which i s  damped by o ther  

i r r e v e r s i b l e  processes  ( e .g . ,  e lectromagnet ic  r a d i a t i o n )  i s  pro- 

p o r t i o n a l  t o  E . Hence, t h e r e  may be some ques t ion  as t o  whether 

g r a v i t a t i o n a l  r a d i a t i o n  may come i n t o  equi l ibr ium with matter  a t  

an e a r l y  epoch. However, g r a v i t a t i o n a l  r a d i a t i o n  comes i n t o  

equi l ibr ium wi th  macroscopic matter ( g a l a x i e s ,  etc.)  a t  a la ter  

s t a g e ,  s ince  t h e  c ross -sec t ion  inc reases  wi th  wave length .  

-1 

( V i )  I n v i s i b l e  Form of Matter. 

Other forms of i n v i s i b l e  matter can be c l a s s i f i e d  under two 

ca tegor ies :  (i) those bound by chemical f o r c e s  ( e .g . ,  rocks ,  d u s t ,  

e t c . ) ;  and (ii) those formed by t h e i r  own g r a v i t a t i o n a l  f i e l d  

( s m a l l  p l ane t s ,  black dwarfs,  e tc . ) .  
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(1) I n t e r g a l a c t i c  d u s t s  from pr imordia l  t i m e .  

I N o  ma t t e r  can ex is t  i n  the  f o r 3  of a s o l i d  a t  temperatures 

above a f e w  thousand degrees  Kelvin. The formation of d u s t  and 

rocks can t a k e  p l a c e  only when t h e  temperature i s  low so  t h a t  t h e  

vapor p r e s s u r e  i s  comparable t o  the  p r e s s u r e  i n  t h e  Universe. The 

composition of d u s t  g r a i n s  has  been specula ted  t o  be i c y  c r y s t a l s  

and o t h e r  i m p u r i t i e s .  A t  T - 300 K t h e  vapor p re s su re  of 

metals (e .g . ,  copper) i s  around 10 mm of mercury. This  w i  11 

correspond t o  a p a r t i c l e  d e n s i t y  of 10 par t ic les /cm , which is  

s e v e r a l  orders of magnitude g r e a t e r  than t h e  a c t u a l  d e n s i t y  of t h e  

0 

- 14 

6 3 
I 

Universe a t  t h i s  temperature. Hence even heavy metals cannot  condense 

t o  become d u s t  particles.  For ice, the vapor p re s su re  w i l l  be even 

g r e a t e r ,  and hence d u s t  can be formed only a t  very l o w  temperatures .  

W e  therefore conclude t h a t  only a n e g l i g i b l e  f r a c t i o n  of pr imordia l  

matter can  condense i n t o  d u s t .  

( 2 )  Black dwarfs.  

The next  ques t ion  i s  whether t h e r e  a r e  i n v i s i b l e  o b j e c t s  

bound by t h e i r  own g r a v i t a t i o n a l  f o r c e  i n  t h e  i n t e r g a l a c t i c  space. 

The c o n d i t i o n  f o r  g r a v i t a t i o n a l  binding f o r  a gas  cloud of mass m 

i s  t h a t  i t s  t o t a l  energy must be iess tiiaii zero. Ass';iiilng ii 

uniform d e n s i t y  p and a uniform temperature  T , t h e  dimension 

of t h e  gas, R , must be such t h a t  
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R > R  =("A) 

P 
0 8rr G 

where p is  t h e  d e n s i t y ,  R t h e  dimension, and T t h e  temperature of 

the gas .  Thus condi t ions  f o r  t he  formation of a l a r g e  o b j e c t  

(such as a galaxy)  are more favorable  than t h e  condi t ions  fo r  t h e  

formation of a s m a l l  o b j e c t ,  f o r  a given temperature and dens i ty .  

Therefore,  it is  un l ike ly  t h a t  t h e r e  are l a r g e  masses condensing t o  

become i n v i s i b l e  as t ronomical  o b j e c t s  be fo re  g a l a c t i c  formation i n  

t h e  i n t e r g a l a c t i c  space.  

b i l i t y  of t h e  ex i s t ence  of a l a r g e  amount of matter i n  co l l apsed  state 

W e  neg jec t  from our d i scuss ion  the poss i -  

( v i i )  Shape of the spectrum of t h e  cosmic r a d i a t i o n  background. 

During hydrogen recombination it is  poss ib l e  t h a t  the  spectrum 

of photons may be a l t e r e d  by f r ee - f r ee ,  free-bound processes .  How- 

ever ,  s i n c e  the number of photons is many o rde r s  of magnitude g r e a t e r  

than t h e  number of hydrogen atoms, when recombination takes, it is 

a l s o  unl ike ly  t h a t  the photon-spectrum w i l l  be s e r i o u s l y  a l t e r e d .  

Hence w e  b e l i e v e  t h a t  t h e  Spectrum of t h e  background t o  r a d i a t i o n  

must  be t h a t  of a b lack  body t o  a h igh  degree of approximation. T h i s  

w i l l  be discussed i n  a f u t u r e  paper.  

(43)  Weymann has  considered t h e  shape of t he  cosmic r a d i a t i o n  

background. However, he assumed a very high d e n s i t y  of matter 

(- g/cm ) which i s  incompatible wi th  observa t ions ,  as w e  have 

shown i n  t h i s  paper.  H i s  r e s u l t  is s t i l l  i n t e r e s t i n g  because under 

Some circumstances t h e  b lack  body spectrum is s u b s t a n t i a l l y  a l t e r e d -  

3 
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X I I I .  Discussion.  

The development of g e n e r a l  r e l a t i v i t y  has been regarded as 

one important  s t e p  towards understanding the s t r u c t u r e  and evolu- 

t i o n  of t h e  Universe. Its success  i n  p r e d i c t i n g  t h e  second order 

c o r r e c t i o n s  t o  p a r t i c l e  trajectories and l i g h t  r a y s  i n  a g r a v i t a -  

t i o n a l  f i e l d ,  marks a triumph i n  understanding t h e  s m a l l  ( bu t  n o t  

microscopic) scale of behavior of t h e  g r a v i t a t i o n a l  f i e l d .  Its 

success  i s  f u r t h e r  g l o r i f i e d  by its prophecying t h e  expansion of 

t h e  Universe,  which is observed later.  Y e t  i n  t h e  meantime, a 

theory as complicated as g e n e r a l  r e l a t i v i t y ,  p red ic t ed  a remarkably 

l imi ted  number of cosmological models. I n  i t s  unadul te ra ted  

ve r s ion ,  t h e  theory allows only two t ypes  of cosmological models. 

One con ta ins  an i n f i n i t e  amount of m a t t e r ,  o r i g i n a t e d  from a 

s i n g u l a r  o r i g i n ,  and des t ined  t o  expand u n t i l  ob l iv ion  (open 

Universe) ;  and one con ta ins  a f i n i t e  amount of matter, a l so  

o r i g i n a t e d  from a s i n g u l a r  o r i g i n ,  w h i c h  w i l l  expand t o  a maximum 

dimension, and then  c o n t r a c t  back t o  a s i n g u l a r  s ta te  (c losed  

Universe) .  The behavior  of a p a r t i c u l a r  model depends on two 

parameters:  t h e  o v e r a l l  matter-energy d e n s i t y  of t h e  Universe and 

t h e  Hubble 's  cons t an t .  

For  our  Universe,  t h e  H u b b l e ' s  c o n s t a n t  as determined from 

-1 galact ic  r e sea rch  i s  i n  t h e  neighborhood of ( 3 . 3  x sec) . 
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The matter-energy d e n s i t y  a t t r i b u t e d  t o  g a l a x i e s  i s  i n  the  neigh- 

borhood of 7 x 10 g/cm . This  i s  t o o  s m a l l  f o r  c l o s u r e .  
-3 1 3 

For the  reason t h a t  Mach's p r i n c i p l e  i s  n o t  a p p l i c a b l e  t o  a n  

open model, most cosmologis ts  p r e f e r  t o  have a closed model. I n  

order  t o  do  so, cosmologis ts  g e n e r a l l y  choose one of the two 

a 1 t e r n a  t i v e s  : 

( a )  t h a t  t h e r e  i s  a l a r g e  amount of matter-energy i n  i n v i s i b l e  

form 

(b) t h a t  some phys ica l  l a w s  are v i o l a t e d .  I n v a r i a b l y ,  t h e  

l a w s  t o  be v i o l a t e d  and t h e  degree of v i o l a t i o n ,  are  so 

chosen t h a t  r e s u l t s  are many o r d e r s  of magnitude beyond 

t h e  p r e s e n t  t echno log ica l  l i m i t  of v e r i f i c a t i o n  o r  d i s -  

r epu ta t ion .  

I n  t h i s  paper w e  have shown t h a t  i f  w e  apply t o  our Universe 

cosmological models which have a s i n g u l a r  o r i g i n ,  then  the  bulk  

of matter-energy d e n s i t y  is i n  t h e  form of galaxies. Hence w e  

have shown t h a t  (a)  cannot  be t r u e .  

W e  regard t h e  a l t e r n a t i v e  (b) as t o t a l l y  u n s a t i s f a c t o r y .  

T o  p o s t u l a t e  and t o  accep t  a l a w  because it cannot  be shown t o  be 

wrong, wi thout ,  i n  t h e  meantime, sugges t ing  some method of experi- 

mental confirmation,  i s  the same as t o  accept t h e  book Of Genesis 

as t h e  s c i e n t i f i c  theory  of c r e a t i o n ,  on the  basis t h a t  i t  cannot  
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be re fu ted .  W e  b e l i e v e  t h a t  a phys ica l  law has no r i g h t  t o  e x i s t  

un less  it can be shown otherwise.  

The  necess i ty  f o r  pos tu l a t ing  (a )  and (b) s t e m s  from t h e  

b e l i e f  t h a t  Mach's p r i n c i p l e  has t h e  supreme command i n  cosmolo- 

g i c a l  t h e o r i e s .  However, t h e  f a c t  t h a t  Mach's p r i n c i p l e  cannot 

be formulated unambiguously is a reason f o r  n o t  adopting it a t  

p re sen t .  Even as a p r i n c i p l e ,  as Zeldovich pointed ~ u t j ~ ~ ) i t  lacks 

I a un i ty .  Once w e  free ourselves  from Mach's p r i n c i p l e ,  w e  can 

s tudy t h e  Universe as it is. Unless it can be shown t h a t  Mach's 

p r i n c i p l e  i s  necessary,  w e  should no t  s t i l l  worry about it. 

There are s t i l l  some unanswered quest ions:  among them are: 

(a) Does t h e  ex i s t ence  of a s i n g u l a r i t y  i n  a l l  cosmological 

models mean t h a t  a new theory of g r a v i t a t i o n  i s  required a t  high 

d e n s i t y ?  

(b) Why i n  our Universe does only one type of p a r t i c l e  popu- 

I 

I 

l a t i o n  dominate? Does t h i s  mean the high symmetry between 

p a r t i c l e s  and a n t i - p a r t i c l e s  breaks down a t  very high dens i ty?  

I W e  have no idea  what t h e  answers a r e ,  nor i n  which d i r e c t i o n  

w e  must s ea rch  f o r  an answer. 

X 1 V . A  Cosmoloqical Model f o r  our Universe. 

Based on information ava i l ab le  t o  us ,  and assuming t h e  va l id-  

i t y  of a l l  physics  laws, w e  conclude t h a t  t h e  bulk of matter-energy 

i n  our  Universe i s  i n  t h e  form of g a l a x i e s .  O u r  Universe can be 



70 

descr ibed  by an open m o d e l  w i th  q = +0.02. 
0 

(14) Sandage has  assigned a va lue  of +1.65 t o  q . This value 
0 

is  obtained using b r i g h t e s t  members of c l u s t e r s  as samples. This 

va lue  of q 

g a l a x i e s  which are respons ib le  f o r  t h e  l a r g e  va lue  of qo are younger 

than our ga l ax ie s  by a few b i l l i o n  years .  

are taken i n t o  account,  t h e  value of q is brought down t o  +0.5. 

N o  uncer ta in ty  has  been assigned t o  t h i s  value of q 

must be co r rec t ed  f o r  galactic evolu t ion ,  s i n c e  t h e  
0 

A f t e r  these c o r r e c t i o n s  

0 

. 
0 

The discrepancy between Sandage's va lue  and ours  i s  n o t  

s e r i o u s ,  i n  view of d i f f i c u l t i e s  of determinat ion of q . Our va lue  

of qo e s s e n t i a l l y  is p ropor t iona l  t o  t h e  d e n s i t y  of matter due t o  

galaxies, The value quoted he re ,  7 x 10 g/cm , w a s  g iven  by 

O o r t  i n  1958. I n  view of t h e  importance of t h e  d e n s i t y  of matter 

i n  ga l ax ie s ,  a new determinat ion w i l l  be of v i t a l  i n t e r e s t  and 

great importance. 

0 

-31 3 

I n  conclusion, t h e  s t r u c t u r e  of our Universe is c o n s i s t e n t  

wi th  an open model wi th  a value of 4, between 0.02 and 0.5. 
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FIGURE CAPTIONS 

Fig.  1. 

Fig.  2 .  

Fig.  3 .  

Fig. 4. 

Measurement of  cosmic r a d i a t i o n  i n  t h e  microwave r eg ion  

( a f t e r  Thaddeus). 

The t h e o r e t i c a l  r e d - s h i f t  versus  magnitude r e l a t i o n .  

Magnitudes a r e  t h e  V-magnitude (average i n t e n s i t y  around 

a c e n t r a l  wave l eng th  of 5400 % ) .  

of g a l a x i e s  are p l o t t e d  as given by Humason, Mayall, and 

Sandage. A r r o w s  are p laced  a t  the observed r e d - s h i f t  

values f o r  t h r e e  d i s t a n t  c l u s t e r s  whose magnitudes are  

not q u i t e  a v a i l a b l e .  

Data f o r  18 c l u s t e r s  

(27 1 

Comparison of the count-magnitude r e l a t i o n  f o r  t h e  s teady  

s t a t e  model ( s . s . )  and t h e  t w o  exploding models qo = % 

and qo = 235. 

predic ted  log N ( m )  va lues  between the three models f o r  

magnitudes l i g h t e r  t h a n  m 

red s h i f t  z are shown on each curve.  

N o t e  t h e  extreme s m a l l  d i f f e r e n c e  i n  t h e  

= 23. Values of  t h e  
R - KR 

(27 1 

Metric diameters  ( i n  a r b i t r a r y  u n i t s )  of e i t h e r  i n d i v i d u a l  

ga l ax ie s  or of c l u s t e r s  of  galaxies computed on t h e  

magnitude system of t h e  b r i g h t e s t  c l u s t e r  galaxy. Line 

of cons t an t  red  shif ts  are shown. The  s t r a i g h t  l i n e  

g ives  t h e  i s o p h o t a l  d iameters  for  a l l  models. (27  1 
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